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Abstract
This paper describes a novel approach for reducing the kinematic position
and time errors on a GPS receiver in low Earth orbit. For dual-frequency GPS
receivers, point solution errors are dominated by signal-in-space ranging errors,
which introduce sharp discontinuities in the position and time estimates when
GPS visibility changes. These discontinuities may be calculated and removed,
greatly reducing the peaks of the errors, at the expense of introducing a slowly
varying bias, which is estimated and removed. The paper gives a detailed descrip-
tion of the algorithm and illustrates its use on a GPS receiver using historical
ephemerides. To demonstrate real-world efficacy, GRACE-FO observations are
processed using the proposed approach. Real-time results show the reduction of
the time error standard deviation by 16% to 1.9ns and the reduction of the 3D
RMS error by 17% to 1.06m. Maximum real-time errors are reduced 26% and 32%,
respectively. Delayed processing offers greater reductions of errors, near 40%.
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1 INTRODUCTION

Advances in sensors and communication hardware have
enabled small satellites to produce imagery and other data,
which rival products from much larger spacecraft (Ali
Shah & Arshad, 2013; Alminde & Laursen, 2009; Bryer-
ton et al., 2016; Chattopadhyay, 2017; Kalemci et al., 2013;
Norton et al., 2016; Peral et al., 2015; Segret et al., 2018).
Cubesats have also been sent on deep space missions for
the first time with the launch of the MarCo spacecraft to
Mars in May 2018 (Decrossas et al., 2019; Hodges et al.,
2017; Tkacenko et al., 2019). For small satellites to continue
to expand into newer, more challenging roles, they must
meet increasingly stringent system requirements.
Accurate position and time estimates are important

for a variety of smallsat missions. Examples of missions,
which require high performance timekeeping, are deep
space missions using one-way ranging (Imken et al.,

2017; Wallis et al., 2005; Weaver & Kantsiper, 2007), small
satellite constellations functioning as sensor arrays for
astronomy (Engelen et al., 2013; Rajan et al., 2015), low
Earth orbit (LEO) constellations for Global Positioning
System (GPS) augmentation and improved positioning
(Ge et al., 2018; Reid et al., 2018), and Earth observa-
tion missions which require accurate position and time
information for imagery and science data.
The GPS system provides an excellent solution for LEO

position, velocity, and time (PVT) determination, elimi-
nating the need for ground-based ranging for most LEO
missions. Because the GPS signals are continuously avail-
able for LEO spacecraft equipped with an upward-looking
antenna, continuous accurate geometric PVT estimates are
possible. When combined with orbit determination (OD)
techniques and differential GPS corrections in ground-
based post-processing, orbital statesmay be estimatedwith
errors as low as several centimeters (Montenbruck et al.,
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2005). GPS measurements have also become the de facto
standard for real-time LEO OD with submeter orbit accu-
racies possible (Choi et al., 2009; Menzione et al., 2017;
Montenbruck &Gill, 2006; Montenbruck & Ramos-Bosch,
2008; Reichert et al., 2002; Yang et al., 2016).
Kinematic OD uses only the GPS measurements to cal-

culate instantaneous point solutions (Montenbruck, 2003)
without relying on dynamic models. Because it relies
entirely on the current geometry of the GPS constellation
and the code and carrier phases, it is vulnerable to poor
geometry and high measurement noise due to low signal-
to-noise ratios.
Precise orbit determination (POD) uses force models

and batch or Kalman filtering of observations to provide
accurate estimates of the spacecraft’s orbital state. This
approach produces a smooth estimate of the orbit, but
the technique is vulnerable to errors and omissions in the
dynamic model for factors such as atmospheric drag.
Reduced dynamic OD combines the advantages of the

classical dynamic approach with the kinematic approach
using GPS point solutions (Montenbruck et al., 2005;Mon-
tenbruck&Ramos-Bosch, 2008; Parkinson& Spilker, 1996)
and balances the vulnerability of kinematic OD to weak
GPS geometry and signal noise with the sensitivity of
dynamic OD to model errors.
There are several challenges to reduced dynamic OD

implementation on board small satellites. The process
noise model must be tuned carefully to minimize sensitiv-
ity to noise in the observations, while still enabling the fil-
ter to track unmodeled forces effectively.
Differential GPS (DGPS) corrections are needed for

applications requiring 3D RMS accuracies better than a
decimeter as required formanyEarth observationmissions
such as altimetry, gravimetry, SAR interferometry, and
atmospheric sounding. Currently, there is no global differ-
ential service accessible byLEOs, although several regional
differential services exist. NASA is planning the TDRSS
Next Generation Broadcast Service (NGBS), which will
broadcast differential corrections globally in S-Band from
the TDRSS satellites, but eventual use of these signals will
require a separate S-Band receiver (Heckler et al., 2016).
For real-time applications on LEO spacecraft where DGPS
corrections are not available, reduced dynamic accuracy
is limited to 0.4-1.0m 3D RMS (Montenbruck & Ramos-
Bosch, 2008).
Reduced dynamic algorithms also require significant

processing capacity and so may exceed the processing
capability of small satellites. Implementation of reduced
dynamic OD requires precise numerical integration, UD
factorization to improve numerical stability, and a num-
ber of other complex largematrix operations. Gravitymod-
els to achieve position accuracies of a few decimeters are

between fiftieth and seventieth order (Xuewen et al., 2019;
Montenbruck & Ramos-Bosch, 2008).
The proposed method is simpler to implement than the

real-time orbit determination methods described above
and requires less processing. It also does not require
differential GPS corrections and does not use complex
force models.

2 GPS POINT SOLUTIONS AND
EFFECT OF GPS SYSTEM ERRORS

The GPS point solution (PS) provides an estimate of the
user position and clock bias, which is optimal in a least
squares sense, using a single epoch of observed pseudor-
anges to the GPS satellites along with GPS ephemerides
and clock biases. For this research, the use of a dual-
frequency receiver is assumed, allowing the generation of
ionosphere-free pseudorange measurements. An example
of a dual-frequency GPS receiver, which has been used on
several small satellite missions, is the NovAtel OEM719
(Chang et al., 2018), which requires less than 2W of con-
tinuous power (NovAtel, n.d.). The dual-frequency pseu-
dorange for each GPS satellite is modeled as

𝜌
(𝑘)
𝑐 = ‖𝐱(𝑘) − 𝐱‖ + 𝑏 + 𝜀

(𝑘)
𝜌 , (1)

where 𝑏 represents the user clock bias in meters, 𝐱(𝑘) is the
Earth-centered, Earth-fixed (ECEF) position vector for the
kth GPS satellite, 𝐱 is the LEO satellite position, and 𝜀

(𝑘)
𝜌

is the tracking error from the receiver combined with the
GPS system errors.
Each pseudorange provides a nonlinear equation with

four unknowns: the three position values and the user
clock bias. A minimum of four pseudoranges are required
to solve for position and time. For 𝐾 GPS satellites, the
equations are solved by linearizing about the current user
position estimate and iterating until the change in the user
position estimate is below a predefined threshold.
The linearized pseudorange equation for the 𝑛𝑡ℎ itera-

tion may be written compactly as

𝛿𝛒𝑛 = 𝐆𝑛

[
𝛿𝐱𝑛

𝛿𝑏𝑛

]
+ �̃�𝜌, (2)

where 𝛿𝛒𝑛 is the difference between the corrected mea-
sured pseudoranges and the pseudoranges calculated
using the position and time estimates for the previous iter-
ation, 𝛿𝐱𝑛 is the change in the estimated receiver position,
𝛿𝑏𝑛 is the change in the estimated user clock error, and �̃�𝜌
represents the combination of the receiver measurement
error, multipath error, and GPS system errors.
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The geometry matrix 𝐆 is given by

𝐆𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
−𝟏

(1)
𝑛

)𝑇

1

(
−𝟏

(2)
𝑛

)𝑇

1

⋮(
−𝟏

(𝐾)
𝑛

)𝑇

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3)

where the 𝟏
(𝑘)
𝑛 is the unit vector from the LEO spacecraft

to each of the GPS satellites. The least squares solution for
the overdetermined case where 𝐾 > 4 is given by[

𝛿�̂�𝑛

𝛿�̂�𝑛

]
=
(
𝐆𝑇

𝑛𝐆𝑛

)−1
𝐆𝑇

𝑛𝛿𝛒𝑛. (4)

This leads to improved estimates of the user position and
clock bias:

�̂�𝑛 = �̂�𝑛−1 + 𝛿�̂�𝑛 (5)

�̂�𝑛 = �̂�𝑛−1 + 𝛿�̂�𝑛. (6)

After each iteration, the changes in the estimated posi-
tion and time are compared to a threshold; iteration stops
when the changes become sufficiently small. Typically
only a few iterations are needed for the algorithm to con-
verge on an accurate position.

2.1 Effect of GPS system errors and
changes in the visible GPS constellation

The three largest sources of error in GPS-based LEO posi-
tion estimates are 1) the ionosphere; 2) receiver errors
caused by signal noise and multipath and carrier phase
ambiguity; and 3) errors in the broadcast GPS ephemerides
and clocks, also called signal-in-space ranging errors
(SISRE). Dual-frequency measurements are used to elimi-
nate the ionospheric errors. This paper describes a novel
approach for reducing time and position errors caused
by errors in carrier-smoothed pseudoranges and errors in
broadcast GPS ephemeris and clock offsets (Misra & Enge,
2006).
Code tracking errors are caused by signal noise in the

code tracking loop and result in relatively large errors (1-
2m). Carrier phase observations are much more precise
and have lower noise and so may be used to smooth the
code measurements using a Hatch filter (Hatch, 1982).
However, the initial error of the Hatch filter output may
also be quite large, since initially very fewpseudorange and
carrier phase observations are averaged to estimate the car-
rier phase offset.

F IGURE 1 Simulated SISRE time error for GRACE-FO orbit
[Color figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com and www.ion.org]

Real-time onboard solutions are also sensitive to errors
in the broadcast GPS ephemerides and clock corrections
(SISRE), which are typically on the order of 0.5m (Mon-
tenbruck et al., 2018). Differential techniques can estimate
these errors using a network of ground receivers and then
transmit the corrections to the user equipment via a sec-
ondary link. However, there is currently no global differ-
ential transmission service for LEO satellites.
In the absence of tracking errors and SISRE, changes in

GPS visibility would not result in changes to the point solu-
tion, since any number of pseudoranges greater than three
would allow calculation of the LEO satellite position and
clock bias with very low errors. But since each pseudor-
ange has different receiver tracking errors and SISRE, the
point solution converges to a different value when a GPS
satellite is added or removed to provide the best solution
in the least-squares sense.
Figure 1 shows simulated user clock bias estimation

errors caused by SISRE for the Gravity Recovery and
Climate Experiment (GRACE) Follow-On (FO) (Kornfeld
et al., 2019) B satellite for the last six hours of November
20, 2018. The two GRACE-FO spacecraft are separated by
an average of 220km and were placed in a near circular
polar orbit with an altitude of 490km. The satellites mea-
sure Earth’s gravity by precisely measuring changes in the
distance between them using a microwave link, which is
precise to a few microns.
The precise trajectory of the GRACE-FO satellite is

used as the true LEO orbit, and the National Geospatial-
Intelligence Agency (NGA) Office of Geomatics (NGA,
n.d.) post-processed GPS ephemerides and clock biases
are used as the true GPS positions and times. Ideal
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pseudorange measurements for GPS satellites visible to
GRACE-FO are constructed from these two sources, and
point solutions are calculated using the ideal pseudoranges
and the actual broadcast ephemerides and clock offsets for
this date and time.
The figure shows that the SISRE-induced errors are

characterized by sharp discontinuities ("jumps”) con-
nected by sloped segments, as GPS satellites are frequently
added and dropped from the point solution over the LEO
orbits. We note that some errors exceed 14 ns, even in the
absence of measurement errors due to noise or multipath.
When the set of GPS satellites, which are included in the

point solution, changes, the point solution calculation con-
verges on a different optimum least squares solution, caus-
ing the error to jump to a different value. Updates to the
broadcast ephemerides also cause jumps, but these only
occur at two-hour intervals for the legacy navigation mes-
sage, seen at hours 20, 22, and 24 in this plot. Between
the jumps, the errors change much more gradually, as the
broadcast ephemeris and clock errors slowly evolve and
theGPS satellite geometry changes.Over the long term, the
errors are nearly unbiased as one would expect given the
nature of the GPS system (Perea et al., 2017), but over this
brief 5-hour dataset short-term offsets are present, such as
the negative bias after the 21st hour and the positive bias
centered near the 23rd hour.
Several of the larger, more conspicuous jumps are

labeled for clarity, but there are over 100 jumps in the fig-
ure, so it is not possible to label most of them. The largest
jump occurs at 20.85 hours and has amagnitude of approx-
imately 10ns. This jump occurred when the number of vis-
ible GPS satellites dropped from 8 to 7 and TDOP increased
from 1.2 to 1.9. The SISRE of the GPS satellite, which is
dropped, is 0.3m prior to being dropped.

3 PROPOSED APPROACH

Obviously, smoothing or otherwise addressing the SISRE-
induced errorswould be very beneficial.Unfortunately, the
satellite-specific SISRE-induced position and time errors
are never directly observable on board. The errors couple
through the observation geometry into the LEO point solu-
tions for position and user clock bias, and it is impossible
to separate the SISRE from the user clock bias estimates
and position estimates.
Although the SISRE cannot be measured, the values

of the jumps they produce in the point solution can be
directly calculated by differencing the point solution with
andwithout aGPS signalwhich is newly added or dropped.
Because the jumps cause the largest SISRE induced errors,
we would expect the error magnitude to be dramatically
reduced with the jumps removed. The ability to directly
calculate the jumps in the point solution offers a unique

opportunity to address the errors caused by SISRE, pro-
vided an approach which exploits this information can
be developed.
The chosen approach is to subtract the accumulated

jump values from the position and time estimates. This
eliminates the sudden changes in the estimate and, at first
glance, would appear to dramatically reduce the errors in
the point solution.
For receivers using carrier smoothing, initial errors in

the Hatch filter output have an effect similar to SISRE,
since they cause a jump in the point solution when a GPS
satellite is added or dropped. For this reason, it is assumed
that a solution which addresses SISRE will also address
receiver tracking errors, since biases caused by the car-
rier phase ambiguity have the same effect as errors in the
broadcast GPS satellite clock offsets.
It is important to note that because the initial SISRE is

unknown, removal of the SISRE-induced jumps will result
in a fixed bias equal to the initial SISRE. This bias may be
estimated by tracking the difference between the smoothed
estimates and the original estimates using a phase locked
loop (PLL) with a large time constant on the order of sev-
eral days.

3.1 Calculation and removal of jumps

The process for calculating the jumps is shown in Fig-
ure 2. The accumulated jumps are initialized to zero.When
a new sample is received, the standard point solution is
calculated using the currently visible GPS satellites and
the most recent broadcast ephemerides. If a GPS satel-
lite has been added since the last sample point, or if the
ephemerides have been updated, the point solution is cal-
culated without the added satellites and/or using the pre-
vious ephemerides. The geometry matrix will have fewer
rows to account for the subset of measured pseudoranges
without the new one. The jump due to the GPS satel-
lite addition or ephemeris update is found by subtract-
ing the point solutions without the added observations
or with the old ephemerides from the current point solu-
tion time and position values. The subscript “wa” indicates
that the calculation is performed “without adds”, mean-
ing without observations from GPS satellites which have
just been introduced on the current sample, while the sub-
script “full” indicates that the full complement of visible
GPS satellites is used.[

𝛿�̂�wa
𝛿�̂�wa

]
=
(
𝐆𝑇
wa𝐆wa

)−1
𝐆𝑇
wa𝛿𝛒wa (7)

Δ�̂�adds(𝑡) = �̂�full(𝑡) − �̂�wa(𝑡) (8)

Δ�̂�adds(𝑡) = �̂�full(𝑡) − �̂�wa(𝑡). (9)
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F IGURE 2 Jump calculation flow diagram

If one or more GPS satellites have been dropped since
the previous sample time, the jump due to the dropped
satellites must be computed at the previous sample time,
since the dropped satellite is no longer visible. The point
solution is calculated without the dropped satellites at the
previous sample time, and the full point solution from the
previous time is subtracted to get the jump value due to
the drops. The geometry matrix will have fewer rows to
account for the subset of measured pseudoranges which
doesn’t include the dropped pseudoranges. The jump val-
ues are calculated for clock bias and each component of
position. The subscript “wd” indicates that the calculation
is performed “without drops”, meaning without observa-
tions from GPS satellites which have lost tracking on the
current sample,while the subscript “full” indicates that the
full complement of visible GPS satellites is used.

[
𝛿�̂�wd
𝛿�̂�wd

]
=
(
𝐆𝑇
wd𝐆wd

)−1
𝐆𝑇
wd𝛿𝛒wd (10)

Δ�̂�drops(𝑡) = �̂�wd(𝑡 − 1) − �̂�full(𝑡 − 1) (11)

Δ�̂�drops(𝑡) = �̂�wd(𝑡 − 1) − �̂�full(𝑡 − 1). (12)

The jumps due to the adds, ephemeris changes, and
drops are then summed together to produce the total jump

F IGURE 3 Original SISRE time error, accumulated jumps, and
time error with jumps subtracted [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.com and
www.ion.org]

value for the current sample, and this total jump value is
added to the accumulated jumps. Note that at most sam-
ple times, no events which would produce a jump have
occurred, so that the accumulated jump value tends to
remain constant for approximately 90% of the samples.
Jumps for each component of the ECEF position are accu-
mulated separately.

Δ�̂�total(𝑡) = Δ�̂�adds(𝑡) + Δ�̂�drops(𝑡) (13)

Δ�̂�total(𝑡) = Δ�̂�adds(𝑡) + Δ�̂�drops(𝑡) (14)

Δ�̂�accum(𝑡) = Δ�̂�accum(𝑡 − 1) + Δ�̂�total(𝑡) (15)

Δ�̂�accum(𝑡) = Δ�̂�accum(𝑡 − 1) + Δ�̂�total(𝑡). (16)

Figure 3 shows the effect of removing the accumulated
jumps from the time estimates for the GRACE-FO orbit
using broadcast ephemerides. The original error is quite
choppy and has one large peak that exceeds 14ns. Sub-
tracting the accumulated jump values results in a much
smoother error and removes the 14ns peak. This simple
example shows that removal of the accumulated jumps can
indeed have a beneficial effect in reducing both the maxi-
mumandRMS error values. Note that this benefit has been
achievedwithout any knowledge of the orbital dynamics of
the spacecraft, or the absolute values of the user clock error.
Only the relative values of the user time estimate computed
at the same instant using ”before” and ”after” GPS constel-
lations or ephemerides are needed.
Although the removal of the accumulated jumps has

resulted in the smoothing of the error and dramatic
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reduction in the peak errors, the remaining error after the
subtraction of the jumps develops a bias of -4ns by the end
of the first hour, possibly negating any benefit. Despite the
fact that the jump values have a near zero mean over the
full 10-days from November 16-25, 2018 (−2.6 ⋅ 10−5), the
accumulated jumps sometimes develop significant offsets,
up to severalmeters, for periods of a fewhours. Subtracting
the accumulated jumps imparts these offsets to the result-
ing smoothed time estimates.

3.2 Estimation of accumulated jump
biases

To capitalize on the error reduction afforded by the jump
removal, one must also derive an estimate for the bias of
the accumulated jumps and add it to the estimate which
has had the jumps removed (the remaining “slopes”). The
offset estimate must capture the slowly varying bias of
the accumulated jumps, while ignoring the rapid changes
caused by each jump. Many methods exist for estimating
the bias which can be broadly divided into two categories:
1) causal formissions truly requiring real-time position and
time estimates, and 2) noncausal for missions which can
tolerate some delay in the estimates.
For missions requiring the best real-time estimate of the

position, the estimate must use only the previously accu-
mulated jumps; this is the causal case. However, somemis-
sions do not require instantaneous knowledge of the posi-
tion and time, so the estimate may be calculated after a
short delay. For example, imaging spacecraft require accu-
rate estimates of the spacecraft location when the image
was captured, but do not immediately downlink the
imagery. Since there is a delay between the image capture
and downlink, point solution and jump values available
after the image capture may also be used to improve the
bias estimate; this is the noncausal or near-real-time case.
In addition to using data points following the desired

estimate, the noncausal case also offers the opportunity
to improve the carrier phase ambiguity estimates. If the
allowable delay is long enough (>35 minutes), the full set
of code and carrier phase differences from each pass of a
GPS satellite may be used to estimate carrier phase ambi-
guity, rather than improving the estimate recursively as is
typically done with Hatch filtering.
The choice of bias estimator is driven by the desire

for near optimum performance in reducing the standard
deviation of the errors, along with the need for simplic-
ity. For real-time applications, the estimator should not
introduce excessive latency, which would degrade perfor-
mance. Clearly, onewants the estimator to ignore the high-
frequency components of the accumulated jumps, while
tracking the low frequency (long term) variations.

F IGURE 4 Decaying exponential filters for causal and non-
causal estimation of the accumulated jump bias [Color figure can
be viewed in the online issue, which is available at wileyonlineli-
brary.com and www.ion.org]

This problem was addressed by Wiener in the 1940s
with resulting optimal filters for both the causal and non-
causal solutions being decaying exponentials (Brown &
Hwang, 1992). Casual and noncausal decaying exponen-
tial filter coefficients are shown in Figure 4 for various
processing delays. The noncausal filter support is varied
in length to reflect the acceptable delay to produce the
time and position estimate and ranges from 15 minutes
to one hour. All filters are normalized to provide 0dB
gain at DC. Noncausal filters are implemented as sim-
ple finite impulse response (FIR) filters, requiring up to
360multiply-accumulate operations for an hour of support
(+/- 360 10-second samples).
Interestingly, the response of a first-order PLL is equiv-

alent to the causal decaying exponential. Here, the disci-
pline of high stability timekeeping offers some insight into
how PLLs may be used for clock stability improvement.
Clocks with good short-term stability characteristics are
often combinedwith clocks having excellent long-term sta-
bility, such as GPS, using PLLs (Green, 2012; Helsby, 2003).
The equation for the PLL bias tracker is shown below.

The bias estimate is performed separately for the three ele-
ments of the ECEF position (x, y, z) and the user clock esti-
mate 𝑏, using the corresponding accumulated jumps for
each one (Δ�̂�accum(𝑡), Δ�̂�accum(𝑡), Δ�̂�accum(𝑡), Δ�̂�accum(𝑡)).
At each sample interval, the difference between the current
bias estimate and the current accumulated jump value,
Δ𝑎𝑐𝑐𝑢𝑚𝑡 is calculated to find the bias estimate error. The
value of𝛼 is small to reduce discontinuity. The gain𝛼 is cal-
culated by dividing the sample period by the desired time
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constant.

𝑏𝑖𝑎𝑠𝑛 = (1 − 𝛼) ∗ 𝑏𝑖𝑎𝑠𝑛−1 + 𝛼 ∗ Δ𝑎𝑐𝑐𝑢𝑚𝑛. (17)

Although the initial bias, 𝑏𝑖𝑎𝑠0 is set to zero, the initial
SISRE is non-zero, and is unknown. This results in a fixed
offset, whichmust be estimated by averaging the difference
between the smoothed and original time and position esti-
mates over a longer period, such as a full day. Alternatively,
a second PLL with a much longer time constant may be
used to estimate and remove the initial offset. For results
reported in this research, the initial SISRE bias has been
directly calculated and removed.
The noncausal jump bias estimation is implemented as a

FIR filter, with𝑀 filter coefficients 𝑎 equal to the exponen-
tial curves shown in Figure 4.𝑀 is the sum of the number
of noncausal coefficients 𝑔 and causal coefficients ℎ. Here,
𝜆 is the time constant and 𝜏 is the sample period. The expo-
nential coefficients are normalized by the coefficient total
prior to use to ensure that the DC gain is one.

𝑎𝑚 = 𝑒𝑥𝑝−|𝜆∗𝜏∗(𝑚−𝑔−1)|, 1 ≤ 𝑚 ≤ (𝑔 + ℎ) (18)

𝑎total =

𝑀∑
𝑚=1

𝑎𝑚 (19)

𝑎𝑚 = 𝑎𝑚∕𝑎total (20)

𝑏𝑖𝑎𝑠𝑛 =

𝑀∑
𝑚=1

(𝑎𝑚 ∗ Δ𝑎𝑐𝑐𝑢𝑚𝑛+𝑔−𝑚+1). (21)

The estimated jumpmean using the first-order PLLwith
a 20-minute time constant is shown in Figure 5, along
with the resulting time error. The bias estimate follows the
mean of the accumulated jumps and mirrors the bias in
the error with the jumps subtracted. The final error has
near zero mean when the initial SISRE is removed and has
much lower peak error.
Figure 6 compares two correction approaches with the

original point solution time error. The corrections use
causal bias estimation via PLL with a 20-minute time con-
stant and a noncausal bias estimation filter with a 20-
minute delay and time constant. It is clear that jump
removal with bias estimation has dramatically reduced the
maximum errors as well as the error standard deviations.

3.3 Smoothing performance on
SISRE-induced time and position errors

Various combinations of time constants and delay for bias
estimation were simulated to characterize the achievable

F IGURE 5 Time error minus jumps, accumulated time jumps,
PLL jumpmean estimate, and improved time error [Color figure can
be viewed in the online issue, which is available at wileyonlineli-
brary.com and www.ion.org]

F IGURE 6 Baseline SISRE-induced time error and reduced
time error using jump removal with casual and noncausal jump bias
estimation [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com and www.ion.org]

performance. Figure 7 shows the error standard deviations
for a 10-day SISRE simulation covering November 16-25,
2018. As before, ideal pseudoranges with a 10-second sam-
ple period were generated using the NGA post-processed
GPS ephemerides and clock error estimates along with the
post-processed GRACE-FO positions from JPL, while the
archived broadcast ephemerides from Nov. 16-25 of 2018
were used in the point solution algorithm. Only GPS satel-
lites visible to GRACE-FO during this period were used in
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F IGURE 7 SISRE time error standard deviation vs. time con-
stant for causal and noncausal mean estimators with delays up to 1
hour [Color figure can be viewed in the online issue, which is avail-
able at wileyonlinelibrary.com and www.ion.org]

the point solution calculation. Other impairments, such as
receiver noise and multipath, were not added to the simu-
lation.
Time constants ranged from 1 minute to 1 hour for pro-

cessing delays of 1 hour, 30 minutes, 20 minutes, 15 min-
utes, and real-time. For the full 10-day simulation, jump
removal with causal bias estimation using a time constant
of 23 minutes reduced the time error standard deviation
from 0.57m to 0.32m, a reduction of 43%.
It is apparent that both the causal and noncausal bias

estimators enable the jump removal to provide significant
improvement to the original time estimate and that they
are not very sensitive to the time constant. Changing the
time constant by a few minutes will provide performance
within a few percent of the optimum value, as evidenced
by the wide range of near minimum error at the bottoms
of the curves.
As shown in Table 1, the noncausal bias estimation fur-

ther reduced the error standard deviation to 0.26m with a

F IGURE 8 SISRE ECEF X error reduction via jump removal
and bias estimation [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com and www.ion.org]

15-minute delay and 0.22m with a 1-hour delay, reductions
of 55% and 61%. The maximum time errors were similarly
reduced from 4.09m with the PLL producing a maximum
time error of 1.44m, a 65% reduction, and the noncausal
filters reducing the maximum error to between 1.34m and
1.01m, reductions of 67% and 75%, respectively.
Table 2 shows the improvements in SISRE-induced posi-

tion errors. Causal 3D RMS position errors were reduced
by 25% with real-time processing and up to 37% with a 1-
hour delay. The maximum 3D errors were also reduced
by 61% with real-time processing and up to 72% with a 1-
hour delay.
Figure 8 shows the results of jump removal on the ECEF

X error for causal bias estimation via PLLwith a 20-minute
time constant, noncausal bias estimation with a 15-minute
time constant, and the original time error. In this case,
the original estimate contains one error over 5m, which
is dramatically reduced by both the causal and noncausal
methods. Table 2 summarizes the reductions in the 3D

TABLE 1 SISRE time errors vs. delay

Maximum
Best Time Best Time Std. Dev. Maximum Time Error
Constant, std. dev., Percent Time Error, Percent
minutes meters Reduction meters Reduction

Original 0 0.57 0% 4.09 0%
Real-Time (PLL) 23 0.32 43% 1.44 65%
15-minute delay 24 0.26 55% 1.34 67%
30-minute delay 26 0.24 58% 1.21 70%
1-hour delay 28 0.22 61% 1.01 75%
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TABLE 2 SISRE position errors vs. processing delay

3D RMS Maximum
3D RMS Position Maximum 3D RMS

Best Time Position Error 3D RMS Error
Constant, Error, Percent Error, Percent
minutes meters Reduction meters Reduction

Original 0 1.19 0% 7.31 0%
Real-Time (PLL) 23 0.89 25% 2.84 61%
15-minute delay 24 0.80 32% 2.66 64%
30-minute delay 26 0.77 36% 2.38 67%
1-hour delay 28 0.75 37% 2.08 72%

RMS position errors for various time constants. It is impor-
tant to note that this approach allows for the reduction
of position estimation errors solely based on bias estima-
tion of accumulated changes in position (jumps). Position
changes are found by differencing point solutions calcu-
lated at the same instant in time using “before” and “after”
GPS constellations. No orbital models are required.

4 GRACE-FO PROCESSING

To demonstrate the efficacy of the proposed approach
on real data, Level 1B pseudorange observations from
the GRACE-FO mission were processed. GPS receivers
on board the GRACE-FO spacecraft capture observations
of pseudorange and carrier phase on the L1 and L2 fre-
quencies at 10-second intervals, and these observations are
made available on the NASA ftp server.
Ten days of GRACE-FO B observables, from November

16 to November 25 of 2018, were downloaded from the
NASA Physical Oceanography Distributed Active Archive
Center (PODAAC) (NASA, n.d.). The GRACE-FO observ-
ables captured by the 48-channel BlackJack GPS receiver
include P1 and P2 code pseudoranges as well as L1 and L2
carrier phases, which were used to calculate the P12 and
L12 ionosphere-free pseudoranges.
The P12 and L12 data were used along with broadcast

GPS ephemerides and clock estimates to calculate point
solutions. The jump removal technique was then applied
to reduce position and time errors, and the results were
compared to the GRACE-FO precise post-processed orbits
(Wen et al., 2019).
The GRACE-FOuser clock bias was calculated using the

JPL GRACE-FO post-processed orbits and the NGA post-
processed GPS orbits and clock errors. This clock bias was
used as the “truth” for the GRACE-FO clock to evaluate
the performance of the user clock estimates.
To compare the position results we calculated to those

provided by JPL, the offsets from the GPS antenna to the

GRACE-FO center of mass were applied to the position
estimates after the jump removal algorithm was applied.
A radial offset of 0.48m and an along-track offset of 0.3m
were subtracted from the point solution and smoothed
point solution results to reflect the GPS antenna position
on the spacecraft relative to the spacecraft center of mass
(Wen et al., 2019).

4.1 Preprocessing

To focus on the performance of the jump removal algo-
rithm, we screened the GRACE-FO B observations to
remove large P12 errors and L12 cycle slips. Ideal pseu-
doranges were calculated using NGA post-processed GPS
times and positions along with the JPL precise GRACE-FO
orbits. The ideal pseudoranges were then used to calculate
absolute errors in P12 and to detect cycle slips in L12. P12
observations with errors greater than 12m were removed
from processing, which resulted in a removal of 0.7% of
the observables. L12 observations were removed if a jump
larger than 1.0m occurred, which caused carrier smooth-
ing algorithms using Hatch filtering and full pass P12-L12
averaging to reset following carrier phase slips. For the 10
days from Nov. 16 to Nov. 25 of 2018, 3,163 carrier phase
cycle slips larger than 1.0m were detected, out of a total of
746,773 L12 ionosphere-free observations.
Many methods exist for detecting and correcting car-

rier phase slips, but most rely on double differencing
data from multiple GPS receivers (Liu, 2010). For single
receiver detection in real-time, the Melbourne-Wübbena
linear combination provides the best option for detecting
cycle slips and is often used in preprocessing to detect
bad data and cycle slips (Bock et al., 2009; Liu, 2010).
The choice to drop observations with relatively large slips
rather than correcting the slips was made for simplicity
and assumes that cycle slips greater than 1.0m are rela-
tively easy to detect, especially when doing noncausal pro-
cessing of full passes.
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Both causal and noncausal carrier smoothing were
applied. For the real-time calculations with and without
jump removal, a real-time Hatch filter was used (Hatch,
1982). The Hatch filter continuously updates the esti-
mated carrier phase offset based on the average differ-
ence between the P12 and L12 values for a given PRN.
This method provides increasing accuracy as the number
of samples with continuous phase increases, but has large
errors when the GPS signal is first tracked, because very
few P12 points are available for averaging. For this rea-
son, Hatch pseudoranges were not used until at least 5
pointswere available for averaging. This resulted in slightly
reduced pass durations for each GPS satellite but signifi-
cantly improved the quality of the pseudoranges.
The Hatch filter may be implemented recursively using

the following equation:

�̄�𝑡 =
1

𝑘
𝜌𝑡 +

𝑘 − 1

𝑘
(�̄�𝑡−1 + Φ𝑡 − Φ𝑡−1). (22)

Here, 𝑘 is the number of samples processed by the Hatch
filter up to time 𝑡, �̄�𝑡 is the current Hatch filter output, 𝜌𝑡 is
the current pseudorange observation, �̄�𝑡−1 is the previous
Hatch output, and Φ𝑡 and Φ𝑡−1 are the current and previ-
ous carrier phase measurements, respectively.
Noncausal jump removal allows the carrier phase off-

set to be estimated using P12 and L12 values that occur
later in time than the sample being calculated, improving
the carrier smoothing. If the allowable processing delay for
carrier smoothing is longer than the maximum GPS pass
length, the average difference between P12 and L12 for the
entire pass may be used to estimate and correct the carrier
phase ambiguity. For the two noncausal scenarios evalu-
ated, a carrier smoothing delay of 10 minutes was applied,
so that P12-L12 offsets up to the current time were used
to estimate the carrier phase offset for the sample 10 min-
utes prior. This eliminates much of the large error expe-
rienced by the Hatch filter at the beginning of each pass,
when the P12 observables are still very noisy due to lower
SNR.
Figure 9 shows the original L12 and P12 pseudorange

errors for one pass of PRN 1, alongwith the real-timeHatch
filter output with the first 5 samples removed, the Hatch
filter output with a 10-minute delay, and the Hatch filter
output with a full pass delay. Errors in pseudorange and
carrier phase observations were calculated using the post-
processedGPS orbits and clock errors from theNGA, along
with the precise orbit estimates from JPL. The Hatch out-
put has significantly less noise than the P12 signal, but ini-
tially has a large error due to the low SNR at the beginning
of the pass, and the fact that only a few points are aver-
aged. The Hatch output with a 10-minute latency provides

F IGURE 9 Carrier phase smoothing with Hatch filter, delayed
Hatch filter and full pass averaging for a single pass [Color figure
can be viewed in the online issue, which is available at wileyonlineli-
brary.com and www.ion.org]

a result nearly as good as the Hatch filter output with full
pass delay.

4.2 Processing scenarios

Four processing scenarios, which used the GRACE-FO
observations and broadcast ephemerides, were run to eval-
uate the jump removal performance:

∙ Baseline Scenario: Hatch Filter Only (no jump removal)
∙ Scenario 2: Hatch Filter and Jump Removal with Causal
Jump Mean Estimation (PLL)

∙ Scenario 3: Hatch Filter with 10-Minute Delay (no jump
removal)

∙ Scenario 4: Hatch Filter with 10-Minute Delay and Jump
Removal with Noncausal Jump Mean Estimation (FIR
filter) with 10-Minute Delay

The delayed processing scenarios could be used for mis-
sions which have a delay between acquiring and down-
linking data, for example, imaging spacecraft which store
image data after capture and only downlink it once per
orbit. The Hatch filter with a 10-minute delay and no jump
removalwas included to differentiate theHatch filter effect
from the impact of the noncausal jump removal with bias
estimation. For each scenario, the optimum time constants
found in the SISRE processing were used.
Table 3 summarizes the complete results from the

GRACE-FO processing. The real-time scenarios using
broadcast ephemerides demonstrate that maximum time
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TABLE 3 GRACE-FO B processing results

GPS Eph. Source Broadcast
Hatch Carr. Smoothing Delay 0 minutes 10 minutes
Jump Removal No Yes No Yes
Bias Estimation Delay NA 0minutes NA 10 minutes
Total Latency 0 minutes 0 minutes 10 minutes 20 minutes
Bias Est. Time Constant NA 8 minutes NA 15 minutes
Time Error Std. Dev., ns 2.33 1.93 2.11 1.21
% Reduction 17% 10% 47%
Maximum Time Error, ns 15.12 11.23 13.68 7.13
% Reduction 26% 10% 53%
Radial Error Std. Dev., m 1.10 0.82 1.01 0.57
% Reduction 25% 8% 48%
Maximum Radial Error, m 7.86 5.40 7.49 3.62
% Reduction 31% 5% 54%
Along Track Error Std. Dev., m 0.46 0.56 0.43 0.41
% Reduction -21% 8% 11%
MaximumAlong Track Error, m 3.74 3.04 3.21 2.45
% Reduction 19% 14% 35%
Cross Track Error Std. Dev., m 0.39 0.36 0.38 0.28
% Reduction 9% 5% 28%
Maximum Cross Track Error, m 2.40 1.85 2.25 1.21
% Reduction 23% 7% 50%
3D RMS Error, m 1.26 1.06 1.16 0.76
% Reduction 16% 7% 39%
Maximum 3D Error, m 7.95 5.43 7.59 3.84
% Reduction 32% 5% 52%

F IGURE 10 Time and 3DRMS errors for GRACE-FO processingwithHatch filter only, Hatch filter with jump removal and PLL for causal
jump bias estimation, and delayed Hatch filter with noncausal jump bias estimation and 20-minute total delay [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.com and www.ion.org]
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F IGURE 11 Radial, along-track and cross-track position errors for GRACE-FO processing with Hatch filter only, Hatch filter with jump
removal and PLL for causal jump bias estimation, and delayed Hatch filter with noncausal jump bias estimation and 20-minute total delay
[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com and www.ion.org]

errors may be reduced by 26%, 3D RMS errors by 16%, and
maximum 3D errors by 32% using the Hatch filter with
a PLL for jump mean estimation. Noncausal processing
with 20-minute latency reduced the standard deviations
and maximum errors by roughly 50% for time and radial
position and roughly 40% for 3D position.
Figure 10 shows the time and 3D RMS errors for a

representative 3-hour period on November 20th, 2018.
Although the real-time Hatch filter with jump removal
and bias estimation shows some improvement, the non-
causal processing with 20-minute latency provides signifi-
cantly smaller errors. Both causal and noncausal process-
ing dramatically reduce the maximum time and 3D RMS
errors.
Figure 11 shows the radial, along-track, and cross-track

position errors for the same times. The largest benefit from
jump removal occurs for the radial errors with the non-
causal processing providing the greatest improvement. The
along-track errors show limited improvement from jump
removal, particularly for real-time processing. However,
even with real-time processing, the maximum errors are
significantly reduced.

5 CONCLUSIONS

The proposed approach offers a method for small satel-
lites to reduce on board GPS point solution errors in real-
time and near-real-time, while minimizing the required
processing. The jump removal approach allows users to
implement first-order PLLs or FIR filters to dramatically
reduce error standard deviations and maxima, rather than
using complex orbit determination algorithms to estimate
the orbital states.
Time error standard deviation is reduced by 17% for the

causal case and 47% for the noncausal case, and time error
maxima are reduced by 26% and 53%, respectively. Radial
error standard deviations are similarly reduced by 25% and
48%, and radialmaxima are reduced 31% and 54% for causal
and noncausal cases. Along-track and cross-track errors
also show small improvements with the exception of the
along-track error standard deviation with real-time Hatch
filtering and jump bias estimation, which increases from
0.46m to 0.56m. 3D RMS errors are reduced 16% and 39%
for causal and noncausal processing, and 3D maximum
errors are reduced by 32% and 52%, respectively.
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