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Abstract
Ionospheric anomalies may cause large differential range errors in Ground-
Based Augmentation System (GBAS) users. To mitigate those integrity threats,
worst-case ionosphere-induced position errors for potentially usable satellite
geometries must be bounded by the GBAS ground facility. This mitigation
method requires us to compute the worst-case range error for each satellite
affected by a hypothetical ionospheric front. This paper presents a simulation-
based method for deriving a closed-form expression of undetected ionosphere-
induced range errors. Two types of ionospheric impact scenarios are defined in
terms of the motion of an ionospheric front. Explicit expressions for outputs of
the code-carrier smoothing filter and the code-carrier divergence monitor are
derived to reduce the computational load of ionospheric impact simulations. An
exhaustive search algorithm is applied to generate the worst undetected range
error among all possible ionospheric impact conditions. Finally, a closed-form
expression that bounds the maximum ionospheric range errors is determined as
a linear function of the magnitude of gradient and the relative speed of the iono-
spheric front.
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1 INTRODUCTION

The Ground-Based Augmentation System (GBAS) pro-
vides safe landing guidance to aircraft in local areas by
enhancing measurements made by the Global Positioning
System (GPS) (Enge, 1999). The GBAS ground facility gen-
erates and broadcasts differential corrections and integrity
information to GBAS users within several tens of kilome-
ters of a GBAS-equipped airport.
As most error sources, including tropospheric delay and

ionospheric delay, are spatially correlated between the
ground facility and airborne users, those common errors
are eliminated via differential corrections. GBAS-equipped
airborne users can compute error bounds on the true (but

unknown) position error with an extremely high confi-
dence level in real time by utilizing the integrity param-
eters broadcast from the ground facility.
However, very large ionospheric spatial variations

within a local area, if undetected by GBAS integrity moni-
tors, can introduce hazardous andmisleading information
to GBAS users. Previous research has discovered that iono-
spheric storms can possibly cause extremely large iono-
spheric spatial gradients.
During the latter part of Solar Cycle 23, observations

from the network of Continuously Operating Reference
Stations (CORS) showed that an ionospheric storm on
November 20, 2003, created spatial gradients as large as
412 mm/km in slant ionospheric delay (Datta-Barua et al.,
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2010; Lee et al., 2011). Without mitigation, vertical posi-
tion errors resulting from such a large ionospheric gra-
dient (well over 100 times the typical value) could be a
few tens of meters for GBAS users when combined with
the worst-case airborne/satellite geometries and approach
timing (Lee et al., 2011).
A strategy tomitigate such ionosphere anomalies to sup-

port Category I (CAT I) operations includes code-carrier
divergence (CCD) monitoring in the GBAS ground facility
(ICAO, 2018; Simili & Pervan, 2006). The time variation of
ionospheric delay induces a divergence between code and
carrier measurements that creates a bias in the carrier-
smoothed code output, which in turn leads to errors in dif-
ferential corrections which are small under nominal iono-
spheric conditions. The divergence rate is continuously
estimated by the CCD monitor so that very large iono-
spheric spatial gradients are detected at the ground facility
based on the temporal gradients that they typically induce.
However, a previous study reported that near-stationary

fronts of ionospheric spatial change can produce large
residual ionospheric delays without detection (Luo et al.,
2005). This worst-case ionospheric front impact scenario
occurs when the divergence rates caused by the near-
stationary fronts are too small to trigger the CCD monitor
before an aircraft reaches the CAT I decision height (DH)
at the end of its approach.
In other words, there exists a potential integrity risk

associated with ionosphere-induced undetected range
errors due to the limitation of the CCDmonitor. The GBAS
ground facility also contains a smoothing filter innova-
tion monitor, a carrier-phase-based acceleration monitor,
and a B-valuemonitor (which compares candidate pseudo-
range corrections among reference receivers) which can
help mitigate ionospheric threats (Pullen, 2017). However,
they add little to the effectiveness of the CCD monitor
against worst-case threats.
One possibleway tomitigate this integrity threat forCAT

I GBAS users is to assume that the worst possible iono-
spheric anomaly always exists. Theworst-case ionosphere-
induced position errors for the satellite geometry that an
aircraft might use for positioning can be calculated at the
GBAS ground facility in near real time, as described in
(Lee et al., 2011; Pullen et al., 2009). If there are satel-
lite geometries that have acceptable vertical protection lev-
els (VPLs) but have unacceptable potential position errors
owing to potential ionospheric anomalies, these geome-
tries are screened out by inflating (increasing) certain
parameters broadcast from ground to aircraft in order to
increase aircraft VPLs beyond the vertical alert limit (VAL)
towhichVPLs are compared for safety assurance. Thismit-
igation technique is known as geometry screening and is
illustrated by the functional flowchart in Figure 1 (Pullen
et al., 2009).

F IGURE 1 Functional flow diagram of geometry screening
procedure used in GBAS to mitigate worst-case ionospheric spatial
gradients. Worst-case range errors are applied to the set of possible
satellite (SV) geometries to generate maximum vertical position
errors due to ionospheric anomalies. If any unsafe geometries exist,
GBAS sigma parameters are iteratively increased until VPL for these
geometries exceeds VAL and makes them unusable [Color figure
can be viewed in the online issue, which is available at
wileyonlinelibrary.com and www.ion.org]

The box labeled Worst-Case Range Error Determination
in Figure 1 requires a procedure to estimate the worst-case
ionosphere-induced range error in the presence of a
hypothetical ionospheric front. Real-time estimation of
this error is currently infeasible due to both its compu-
tational demands and the undesirability of including
exhaustive search routines (with a very large range of
possible outputs) in safety-critical software. An extensive
search is required because the differential range error is
affected by numerous ionospheric and aircraft approach
geometry and timing factors (e.g., at what point during an
aircraft approach procedure does the leading edge of an
ionospheric spatial gradient begin to affect it).
The method originally used in GBAS geometry screen-

ing analyses and implementations was to generate arrays
of differential range errors ahead of time via extensive sim-
ulation, using these as look-up tables when doing real-
time GBAS mitigation calculations (Lee et al., 2006). This
approach remains feasible but cumbersome, as the range-
domain simulations that generate these tables have to be
repeated every time that the GBAS algorithms or opera-
tional parameters change.
Another solution to this difficulty is to generate bound-

ing (conservative) closed-form expressions in advance that
are flexible enough to cover all possibilities. This paper
presents a derivation of a closed-form expression for unde-
tected differential range errors due to ionospheric anoma-
lies. A simplified set of expressions was developed by Enge
(2007) but was not published or made widely available
(Yoon et al., 2016).
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This model was described in subsequent publications
and was used to estimate ionosphere-induced range
errors for GBAS mitigation simulations (Lee et al., 2011).
However, the simplifications used in the original model
abstracted out important features of the behavior of
these errors. In particular, non-linear varying errors as
a function of relative front speed were approximated to
have a constant value. The resulting inaccuracies would
become more significant as the maximum ionospheric
gradient increased, as it does under equatorial ionospheric
conditions (for users within ±20 degrees of the magnetic
equator).
This motivated the derivation of improved closed-form

expressions based on an empirical search for the worst-
case error. The improved model was first used to express
and bound ionospheric errors for a proposed GBAS instal-
lation in Brazil (Yoon et al., 2016, 2019). It is only slightly
more complex than the original model and thus just as
easy to implement in real-time GBAS ionospheric mitiga-
tion algorithms.
This paper is the first to fully explain the background

and derivation of both the original and enhanced models.
The remainder of this paper is organized as follows.
Section 2 presents the ionospheric front model and impact
scenarios of an ionospheric spatial gradient affecting a
GBAS user.
Section 3 provides the background behind the calcu-

lation of undetected ionosphere-induced range error in
GBAS. Explicit expressions for ground and airborne code-
carrier smoothing filters and the ground CCDmonitor are
derived to reduce the computational burden of performing
a vast number of simulations of all possible combinations
of ionospheric threat parameters.
In Section 4, the revised method for deriving the closed-

form expression is described in detail. An exhaustive
search for the largest ionospheric differential range error
from specific sets of ionospheric parameters is conducted,
and a conservative linearmodel that bounds theworst-case
errors is determined. The conclusion of this study is pre-
sented in Section 5.

2 IONOSPHERIC FRONTMODEL
AND IMPACT SCENARIOS

2.1 Moving ionospheric front model

A semi-infinite wedge-shaped ionospheric front model
was proposed in a previous study (Datta-Barua et al., 2010).
Figure 2 illustrates this ionospheric front model described
with four parameters: front gradient, 𝑔 (mm∕km); front
width, 𝑤 (km); front propagation speed relative to the
Ionospheric Pierce Point (IPP) of the ground facility,

F IGURE 2 Simplified wedge-shaped model of moving
ionospheric front described with four ionospheric parameters:
gradient g, width w, propagation speed relative to the ground IPP
Δ𝑣, and initial distance of the front from the ground facility D. X
denotes the distance of the evaluation point from the ground facility

Δ𝑣 (m∕s); and initial distance of the front from the ground
facility, 𝐷 (km).
The gradient (slope) represents a linear change in

the slant ionospheric delay between high and low delay
regions. Note that the product of gradient andwidth (𝑔 ⋅ 𝑤)
yields a total delay change across the gradient. The model
assumes that these parameters remain constant for at least
the duration of a single aircraft approach.
Because both IPPs of the aircraft and ground facility

(𝐼𝑃𝑃𝐴𝐶 and 𝐼𝑃𝑃𝐺𝐹) are spatially close to each other within
a GBAS service area compared to the distance to a GPS
satellite, the velocity components of both IPPs caused by
satellite motion are common. Thus, the relative speed
between two IPPs is approximated as the aircraft approach
speed.
In this study,we assume the aircraftmoves toward a run-

way (in line with that runway) with a constant speed of
70m/s. The initial position of the aircraft IPP used in iono-
spheric impact scenarios varies depending on the relative
motion of the aircraft to the ionospheric front, which is
explained in the following section. The variable x denotes
the distance of an evaluation point which is at the mini-
mum 200-foot approach DH for CAT-I operations and is
assumed to be located 6 km from the geographic centroid
of the multiple reference receivers and antennas compris-
ing the GBAS ground facility.

2.2 Ionospheric impact scenario

In terms of the motion of an ionospheric front relative to
an aircraft, ionospheric impact scenarios are classified into
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F IGURE 3 Temporal changes in ionospheric delay observed from the aircraft and the ground facility for (a) slow-moving front scenario
and (b) fast-moving front scenario

two categories: slow-moving and fast-moving. The propa-
gation speed of a slow-moving front (relative to that of the
ground IPP for a particular satellite) is slower than that of
the aircraft IPP for the same satellite relative to the ground
IPP (Δ𝑣 < 70 m∕s). Alternatively, if the front relative to the
ground IPP ismoving faster than the aircraft IPP relative to
the ground IPP (Δ𝑣 > 70 m∕s), it’s a fast-moving scenario.
In the slow-moving scenario, the initial position of the

aircraft IPP is set at the rear (trailing) edge of the wave in
order to ensure that the aircraft IPP experiences the entire
ionospheric delay change immediately after the beginning
of the simulation. For the same reason, the initial position
of the aircraft IPP is set at the front (leading) edge of the
front in the fast-moving front scenario. The initial position
of the aircraft IPP is determined in order to deliberately
simulate the situation that produces the largest differential
range errors.
Figure 3(a) shows an example of the temporal change

in ionospheric delay observed by the aircraft (solid line)
and the ground facility (dashed line) for the slow-moving
front scenario. Given that the aircraft IPP approaches
fromdirectly behind the ionospheric front, the ionospheric
delay at the aircraft linearly decreases until the aircraft IPP
entirely passes through the front. 𝑡𝐷𝐻 denotes the epoch
when the aircraft reaches the decision height (DH), repre-
senting the end of CAT-I approach guidance.
Note that the aircraft IPP could be located in either the

middle of the gradient or in the low-delay region when it
arrives at theDH.On the other hand, the ionospheric delay
observed from the ground facility remains low until the
arrival of the ionospheric front at 𝑡𝐺𝐹 starts to increase. In
Equation (1), 𝑡𝐷𝐻 and 𝑡𝐺𝐹 for the slow-moving front sce-
nario is derived using the parameters described in Figure 2.

𝑡𝑠𝑙𝑜𝑤
𝐷𝐻

=
𝐷 + 𝑤 − 𝑥

𝑣𝐴𝐶

𝑡𝐺𝐹 =
𝐷

Δ𝑣
(1)

It is worth noting that 𝑡𝐺𝐹 can be larger (i.e., occuring
later) than 𝑡𝐷𝐻 when ∆v is sufficiently small, indicating
that the front cannot affect the ground facility at all until
the aircraft reaches the DH. Furthermore, if Δ𝑣 is near
zero, the frontwould appear to be stationarywith respect to
the ground facility IPP. The worst differential range errors
usually occur under these conditions because the ground
monitors are not able to observe and detect the ionospheric
front before the aircraft arrives at the DH (Luo et al.,
2005).
The temporal ionospheric delay changes for the fast-

moving front scenario as illustrated in Figure 3(b). The
ionospheric delay observed from the aircraft linearly
increases until the ionospheric front entirely overtakes
the aircraft IPP. For the fast-moving front scenario, 𝑡𝐷𝐻 is
derived according to Equation (2).
This is different from that of the slow-moving front sce-

nario, while 𝑡𝐺𝐹 remains the same as Equation (1). Note
that what differs between the two scenarios is the initial
position of the aircraft, which only affects its arrival time
at the DH:

𝑡
𝑓𝑎𝑠𝑡

𝐷𝐻
=

𝐷 − 𝑥

𝑣𝐴𝐶
(2)

3 DERIVATION OF UNDETECTED
IONOSPHERE-INDUCED DIFFERENTIAL
RANGE ERROR

The two key components of GBAS that are relevant to this
threat, namely code-carrier smoothing and CCD monitor-
ing, must be taken into account to derive the undetected
ionosphere-induced differential range error. The GBAS
Approach Service Type (GAST) C considered in this paper
is intended to support precision approach operations down
to CAT-I weather minima.
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A GBAS facility which provides GAST-C service uses
the code-carrier smoothing filter to mitigate the effects of
receiver noise and multipath errors on GPS code (pseudo-
range) measurements at both the aircraft and the ground
facility. However, code-carrier divergence over time due
to ionospheric delay adds up in the smoothing filter and
introduces additional error to carrier-smoothed code mea-
surements. The code-carrier divergence rate is continu-
ously monitored by the CCD monitor implemented in the
ground facility.
Figure 4 illustrates a block diagram of the calculation

of undetected range errors. The ionosphere-induced dif-
ferential range error is computed by subtracting the code-
carrier smoothing filter output of the ionospheric delay at
the ground facility from the similar output at the aircraft.
The time series of differential range errors and the output
of the CCD monitor are obtained as the aircraft advances
on its path toward the runway.
If the output of the CCD monitor exceeds its mini-

mum detectable divergence rate (MDDR) before the air-
craft reaches the DH, the differential range error for the
corresponding scenario is discarded from the exhaustive
search for the worst undetected range error (more details
are in Section 4.1). Otherwise, the differential range error
at the DH is recorded as the undetected range error for that
scenario.
The recursive approach to computing the outputs of the

two code-carrier smoothing filters and the ground CCD
monitor (itself composed of two low-pass filters in series)
at each epoch is computationally intensive. Moreover, a
vast number of simulations need to be conducted to com-
pute outputs from all possible combinations of ionospheric
threat parameters and aircraft-ground facility ionospheric
front geometries. Thus, we introduce explicit expressions
for the outputs of code-carrier smoothing and the CCD
monitor to compute undetected differential range errors
efficiently in this section. The results of applying these
equations will be used to search for the worst differential
range error in Section 4.

F IGURE 4 Block diagram of undetected ionosphere-induced
differential range error calculation

3.1 Range error expression with
carrier-smoothed code

The carrier-smoothed code measurement, denoted as �̄�, at
the current epoch is expressed as follows:

�̄�(𝑡) =
1

𝑀
𝜌(𝑡) +

𝑀 − 1

𝑀
{�̄�(𝑡 − 𝑇) + 𝜑(𝑡) − 𝜑(𝑡 − 𝑇)}

(3)

where 𝜌(𝑡) and 𝜑(𝑡) denote the single frequency code and
carrier phase measurements, respectively, at a given epoch
𝑡. The carrier-smoothed codemeasurement at the previous
epoch, 𝑡 − 𝑇, is projected to the current epoch 𝑡 by adding
the change in the carrier phase measurement between
the current and previous epochs (T represents the interval
between samples). A recursive filter of length M weights
this carrier-basedmeasurementmore heavily than the cur-
rent code measurement.
The explicit expression for ionospheric delays is derived

from Equation (3) using the simplified ionospheric front
model of Section 2.1 whose ramp has a constant slope
or gradient. The code-carrier smoothing filter outputs for
the ramp inputs of increasing and decreasing delays are
denoted as 𝐶𝑖𝑛𝑐(𝑡, 𝑔𝑡, 𝑇𝑤) and 𝐶𝑑𝑒𝑐(𝑡, 𝑔𝑡, 𝑇𝑤), respectively,
in Equation (4):

𝐶𝑖𝑛𝑐 (𝑡, 𝑔𝑡, 𝑇𝑤)

=

⎧⎪⎨⎪⎩
0 𝑡 < 0

𝑔𝑡
{
𝑡 + 2𝜏

(
𝑒−𝑡∕𝜏 − 1

)}
0 ≤ 𝑡 < 𝑇𝑤

𝑔𝑡
{
𝑇𝑤 − 2𝜏𝑒−𝑡∕𝜏

(
𝑒𝑇𝑤∕𝜏 − 1

)}
𝑇𝑤 ≤ 𝑡

𝐶𝑑𝑒𝑐 (𝑡, 𝑔𝑡, 𝑇𝑤)

=

⎧⎪⎨⎪⎩
𝑔𝑡𝑇𝑤

𝑔𝑡
{
𝑇𝑤 − 𝑡 − 2𝜏

(
𝑒−𝑡∕𝜏 − 1

)}
𝑔𝑡
{
2𝜏𝑒−𝑡∕𝜏

(
𝑒𝑇𝑤∕𝜏 − 1

)}
𝑡 < 0

0 ≤ 𝑡 < 𝑇𝑤
𝑇𝑤 ≤ 𝑡

(4)

where 𝑔𝑡 is the temporal gradient, and 𝜏 is the time
constant of the code-carrier smoothing filter, which is
equal to the sampling interval 𝑇 times the filter length
𝑀 (both ground and airborne receivers independently
employ smoothing filters on their measurements with the
same time constant).
In the ionospheric front impact model, the ionospheric

delay increases or decreases between epochs zero and the
temporal width 𝑇𝑤, the time required for the ionospheric
front to completely pass through the relevant aircraft or
ground IPP. The derivation of these functions is given in
the Section A of the appendix.
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As shown in Figure 3 for a ramp input of decreasing
delay, the temporal change in ionospheric delay observed
at the aircraft varies depending on the relative motion of
the front with respect to the aircraft. Specifically, the air-
craft experiences decreasing delays for the slow-moving
front scenario or increasing delays for the fast-moving
front scenario.
Figure 5 shows the smoothing filter output of iono-

spheric delays of the aircraft for slow-moving (Δ𝑣 =
50 m∕s) and fast-moving (Δ𝑣 = 100 m∕s) front caseswhen
𝑔 = 500 mm∕km and 𝑤 = 25 km.
In contrast, the ground facility experiences ionospheric

delays that increase for both scenarios as the ionospheric
front passes. The differential range errors 𝜀 for both scenar-
ios are then defined as a combination of smoothed range
errors according to Equation (5):

𝜀𝑠𝑙𝑜𝑤(𝑡) = 𝐶𝑑𝑒𝑐 (𝑡, 𝑔𝐴𝐶, 𝑇𝐴𝐶) − 𝐶𝑖𝑛𝑐 (𝑡 − 𝑡𝐺𝐹, 𝑔𝐺𝐹, 𝑇𝐺𝐹)

𝜀𝑓𝑎𝑠𝑡(𝑡) = 𝐶𝑖𝑛𝑐 (𝑡, 𝑔𝐴𝐶, 𝑇𝐴𝐶) − 𝐶𝑖𝑛𝑐 (𝑡 − 𝑡𝐺𝐹, 𝑔𝐺𝐹, 𝑇𝐺𝐹) (5)

where the temporal ionosphere parameters are:

𝑔𝐴𝐶 = 𝑔 |Δ𝑣 − 𝑣𝐴𝐶| , 𝑔𝐺𝐹 = 𝑔Δ𝑣

𝑇𝐴𝐶 =
𝑤|Δ𝑣 − 𝑣𝐴𝐶| , 𝑇𝐺𝐹 =

𝑤

Δ𝑣
(6)

Finally, the differential range error when the aircraft
reaches the evaluation point, DH, can be computed by sub-
stituting 𝑡𝐷𝐻 [from Equation (1) and Equation (2)] for t in
Equation (5).
Note that only low-to-high fronts as shown in Figures 2

and 3 (for which the ionospheric delay of the ground facil-
ity goes from low to high) are taken into account in this
simulation search procedure.

For high-to-low fronts, which are the reverse cases, the
delay of the ground facility decreases for both slow-moving
and fast-moving scenarios. Since the high-to-low front
cases give symmetric results as those in Equation (5), no
searching among these scenarios is required.

3.2 Code-carrier divergence monitor

The derivation for the test statistic of the CCD monitor
is described as follows. The amount of code-carrier diver-
gence Δ is simply expressed as:

Δ(𝑡) = 𝜌(𝑡) − 𝜑(𝑡) (7)

Because the ionospheric delay has an opposite sign
in code and carrier measurements, the amount of code-
carrier divergence is twice the ionospheric delay 𝐼(𝑡):

Δ(𝑡) = 2𝐼(𝑡) (8)

While this analysis does not directly represent receiver
noise and multipath errors on single frequency code and
carrier measurements, they are accounted for as nom-
inal errors in the derivation of detection statistics to
follow.
With the sampling interval denoted by 𝑇 as before, the

divergence rate 𝑑Δ is defined as follows:

𝑑Δ(𝑡) =
Δ(𝑡) − Δ(𝑡 − 𝑇)

𝑇
(9)

Common errors such as tropospheric delays, satel-
lite and receiver clock offsets, and ephemeris errors are
removed by subtracting divergences between two consec-
utive epochs. Assuming that there is no cycle slip within

F IGURE 5 Smoothing filter output of ionospheric delay of the aircraft for (a) slow-moving front scenario (Δv = 50 m∕s) and (b)
fast-moving front scenario (Δv = 100 m∕s) given 𝑔 = 500mm/km and𝑊 = 25 km
[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com and www.ion.org]
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the interval 𝑇, the carrier-phase integer ambiguity is elim-
inated in Equation (9).
A typical CCD monitor for GBAS is composed of a

series of two cascaded first-order low-pass filters with the
divergence rate from Equation (9) as the input (Simili &
Pervan, 2006):

𝑍1(𝑡) =

(
1 −

𝑇

𝜏𝑐𝑐𝑑

)
𝑍1(𝑡 − 𝑇) +

𝑇

𝜏𝑐𝑐𝑑
𝑑Δ(𝑡)

𝑍2(𝑡) =

(
1 −

𝑇

𝜏𝑐𝑐𝑑

)
𝑍2(𝑡 − 𝑇) +

𝑇

𝜏𝑐𝑐𝑑
𝑍1(𝑡 − 𝑇) (10)

where 𝑍𝑖(𝑡) represents the output of each filter at a corre-
sponding epoch with a filter weight of 𝑇

𝜏𝑐𝑐𝑑
. The filter time

constant of the CCDmonitor 𝜏𝑐𝑐𝑑 is different from the time
constant of the ground and airborne code-carrier smooth-
ing filters.
An explicit expression for the test statistic of the CCD

monitor is given by Equation (11) using the unit step func-
tion 𝑢. The derivation of this expression is provided in Sec-
tion B of the appendix.
Since the ionospheric front starts to affect the ground

facility after 𝑡𝐺𝐹 , the test statistic can be computed by sub-
stituting 𝑡 − 𝑡𝐺𝐹 for t in Equation (11):

𝑍2(𝑡) = 2𝑔Δ𝑣

{(
1 −

𝑡 + 𝜏𝑐𝑐𝑑
𝜏𝑐𝑐𝑑

𝑒
−𝑡

𝜏𝑐𝑐𝑑

)
𝑢(𝑡)

−

(
1 −

𝑡 − 𝑇𝑤 + 𝜏𝑐𝑐𝑑
𝜏𝑐𝑐𝑑

𝑒
−𝑡+𝑇𝑤

𝜏𝑐𝑐𝑑

)
𝑢 (𝑡 − 𝑇𝑤)

}
(11)

In order to account for the effect of measurement noise
in Equation (11), the minimum detectable divergence rate
𝑀𝐷𝐷𝑅𝑐𝑐𝑑 is used to guarantee a sufficiently low probabil-
ity of missed detection according to Equation (12):

𝑀𝐷𝐷𝑅𝑐𝑐𝑑 =
(
𝑘𝑓𝑓𝑑 + 𝑘𝑚𝑑

)
𝜎𝑑 = 0.04 m∕s (12)

where 𝜎𝑑 is the fault-free standard deviation of the out-
put of the CCD monitor 𝑍2, which is the test statistic.
The value of 𝜎𝑑 was estimated as 0.00399 m/s in (Sim-
ili & Pervan, 2006). The probability of fault-free detection
allocation 𝑃𝑓𝑓𝑑 is 1 × 10−7 per 15 seconds, and the proba-
bility of missed detection is 1 × 10−4 per approach for all
satellites.
By assuming a maximum of 10 critical satellites, this

study uses a 𝑃𝑓𝑓𝑑 of 1 × 10−8 and a 𝑃𝑚𝑑 of 1 × 10−5 per
satellite. A 𝑘𝑓𝑓𝑑 of 5.73 and a 𝑘𝑚𝑑 of 4.26 are constant
multipliers selected to meet the allocated continuity and
integrity requirements respectively, and 𝑘𝑓𝑓𝑑 + 𝑘𝑚𝑑 is set
to 10. Any CCD output above 𝑀𝐷𝐷𝑅𝑐𝑐𝑑 is assumed to be
detected with the probability represented by 𝑘𝑚𝑑, assum-
ing the monitor threshold has been set as 𝑘𝑓𝑓𝑑𝜎𝑑.

F IGURE 6 Output of the CCD monitor for the filter time
constant of 30 s when Δv = 100m/s, g = 500mm/km, and
w = 25 km. Detection occurs when the output crossesMDDRCCD

[Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com and www.ion.org]

Figure 6 shows the filter output of the CCD monitor as
a function of time when the ionospheric threat parame-
ters are assumed to beΔ𝑣 = 100m/s, 𝑔 = 500mm/km, and
𝑤 = 25 km. The CCD monitor time constant is set to be
30 s (Simili & Pervan, 2006). Detection with a probability
of at least one minus the required missed-detection proba-
bility (𝑃𝑚𝑑; fromwhich 𝑘𝑚𝑑 is derived) is assumed to occur
when the output of the CCD monitor crosses𝑀𝐷𝐷𝑅𝑐𝑐𝑑.
Figure 7 shows the CCD monitor outputs with different

Δ𝑣. For slow-moving front cases, the CCD output tends to
be smaller, while the period in which the output is affected
by the front tends to be longer.

F IGURE 7 CCD monitor output for the filter time constant of
30 s with different Δv [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com and
www.ion.org]
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4 GENERATION OF CLOSED-FORM
EXPRESSION

4.1 Exhaustive search for the largest
undetected ionosphere-induced
differential range error

A particular ionospheric impact scenario includes specific
values for each of the four threat parameters, which leads
to a large number of permutations. An exhaustive search
algorithm is conducted offline to search for the largest
undetected range error among all possible ionospheric
anomaly impact scenarios. The goal is to derive a bound-
ing closed-form expression for the worst-case undetected
ionosphere-induced differential range error as a function
of threat parameters Δ𝑣 and 𝑔.
The procedure of the exhaustive search algorithm is

described as follows. Recall that we derived explicit
expressions for the smoothing filter and CCDmonitor out-
puts in Equation (4) and Equation (11).
For a particular set of ionospheric front parameters, we

calculate both the differential range error and the output
of the CCD monitor only at the arrival time of the aircraft
at the DH, rather than during each epoch of the approach,
which greatly reduces the computational load. For given
values of 𝑤, Δ𝑣, and 𝑔, a series of differential range errors
and CCD monitor outputs at 𝑡𝐷𝐻 can be obtained across
the possible values of 𝐷, as illustrated in Figure 8.

TABLE 1 Threat parameter ranges for exhaustive search

Threat parameter Range Step
𝑔 0 – 500 (mm/km) 5 (mm/km)
Δ𝑣 0 – 500 (m/s) 1 (m/s)
𝑤 25 – 200 (km) 25 (km)
𝐷 0 – 100,000 (km) 0.25 (km)

𝐷𝐶𝐶𝐷 is the initial distance of the front from the ground
facility for which the CCD monitor output at 𝑡𝐷𝐻 is
𝑀𝐷𝐷𝑅𝑐𝑐𝑑. For the slow-moving front scenario, cases
with 𝐷 ≤ 𝐷𝐶𝐶𝐷 are regarded as detected cases. Since the
front moves slower than the aircraft IPP, the period of the
ground IPP being affected by the front gets longer for a
shorter 𝐷, which causes a larger CCD monitor output.
Thus, detection occurs before the aircraft arrives at the
DH in these cases.
Conversely, cases with 𝐷 ≥ 𝐷𝐶𝐶𝐷 are regarded as

detected cases for the fast-moving front scenario. The
worst-case undetected range error is then chosen as the
maximum of the differential range errors among the unde-
tected cases for all possible values of𝐷 and𝑤. This process
is repeated for each set of values for Δ𝑣 and 𝑔.
The ranges for the parameters and step sizes used in the

exhaustive search are specified in Table 1. The bounds for
the search space associated with the ionospheric front are
determined based on the ionospheric threat model for the
Conterminous United States (CONUS) (Lee et al., 2017).

F IGURE 8 Determination of the worst-case undetected range error for (a) slow-moving front scenario and (b) fast-moving front
scenario, given 𝑔 = 500mm/km and𝑊 = 25 km [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com
and www.ion.org]
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The upper bound on 𝐷 (see Figure 2) is purposely set
to be an unrealistically large value for CAT-I precision
approach procedures in order to produce the worst possi-
ble undetected range error for a particular satellite when
Δ𝑣 approaches the aircraft speed. A gradient greater than
50∕𝑤 is discarded by the search process because the largest
change in slant ionospheric delay among the observed
ionospheric anomalies in CONUS was no greater than
50 m (Datta-Barua et al., 2010).
The step sizes of the parameters, which directly relate

to computation time, were determined to be sufficiently
dense such that the ionospheric impact scenario produc-
ing the largest undetected error would not be missed. For
the ranges specified inTable 1, the number of possible iono-
spheric impact scenarios is approximately 1.6 × 1011.
The offline computation time of the exhaustive search

over all these cases was measured using MATLAB’s built-
in functions. Using a Windows PC with an Intel Core
i7-10700 CPU, the entire search procedure with MAT-
LAB scripts took about 2.5 hours. However, as Figure 8
illustrates, an upper bound on 𝐷 of 100 km (instead of
100,000 km) is sufficient to generate the largest undetected
error in most cases. The unrealistically large value of 𝐷 =

100,000 km is only needed for cases where Δ𝑣 is nearly
equal to 𝑣𝑎𝑐.
The computation time is significantly reduced to less

than 1minute by applying an upper bound on𝐷 of 100 km.
If we specify targeted bounds on 𝐷 with respect to Δ𝑣, the
computation time can be greatly reduced without omitting
the worst possible undetected errors for the entire range of
values for Δ𝑣.
Figure 9 shows the worst (largest-magnitude)

ionosphere-induced differential range errors 𝜀 over
all combinations of 𝑤 and 𝐷 as a function of Δ𝑣 for three
different values of 𝑔. One can observe that the curves of
𝜀 have similar trends, which can be divided into three
regions in terms of Δ𝑣.
First, in the region of small Δ𝑣, where the error has a

constant value, the worst differential range error is com-
puted as itsmaximumpossible value. In this smallΔ𝑣 case,
the CCDmonitor does not capture the ionospheric front in
at least one permutation among all possible 𝑤 and 𝐷 com-
binations, because the change of ionospheric delay over
time is too small to be observed.
In such a case, the maximum undetected range error

could occur as a combination of the physical separation 𝑥
and the synthetic separation due to the memory of the gra-
dient remaining in the code-carrier smoothing filter. Thus,
the maximum range error can be expressed as a product
of the magnitude of the gradient 𝑔 and the effective sepa-
ration between the aircraft and ground facility, which is a
sum of the physical and synthetic separation.

F IGURE 9 Example results of exhaustive search: the worst
ionosphere-induced differential range errors over all possible values
of 𝑤 and 𝐷 as a function of Δv [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com and
www.ion.org]

Second, in the region of moderate Δ𝑣, the worst dif-
ferential range error starts to decrease considerably. This
is because the ionospheric delay changes in time quickly
enough to be observed by the ground facility. In every per-
mutation of this region, the CCDmonitor detects the front
before the differential range error reaches its maximum
value. As Δ𝑣 becomes larger, the range error continuously
decreases until theminimum value of the undetected error
is reached.
Third, in the region of fast Δ𝑣, a transition of the error

state takes place. The worst differential range error occurs
among the cases in which the ionospheric front reaches
the ground and is detected right after the aircraft arrives at
the evaluation point. In these cases, the differential range
errors are only caused by the code-carrier smoothed iono-
spheric delays of the aircraft, not by those of the ground
facility.
Since carrier measurements dominate in the code-

carrier smoothing filter directly after the impact of the
front, the initial response of the carrier-smoothed code has
an overshoot in the negative direction (Luo et al., 2003).
The depth of this overshoot is proportional to the temporal
gradient according to Equation (4).
As the effect of negative errors in carrier-smoothed code

measurements of the aircraft increases in the region of fast
Δ𝑣, theworst differential range error increases.WhenΔ𝑣 is
sufficiently large, the ionospheric front passes the aircraft
so quickly that the worst differential range error is totally
due to the effect of physical separation. Thus, the worst dif-
ferential range error converges to 𝑔𝑥, while the memory
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effect within the code-carrier smoothing filter decreases to
zero.

4.2 Linear closed-form expression

This section explains the procedure for developing a linear
closed-form expression for the worst-case ionospheric
differential range error. Because it is difficult to find an
analytical function of the worst undetected range error
generated by the exhaustive search, a conservative linear
function (i.e., one that upper-bounds all the simulated
range errors) is created for simplicity.
Note that, since the results of future exhaustive searches

may change when the simulation parameters (such as the
threat parameters, filter time constants, monitor thresh-
olds, aircraft speeds, DH distance with a variation of
more than a couple of kilometers, and/or runway con-
figurations) change, the linear function may need to be
redesigned to upper-bound the results of updated searches.
Figure 10 shows an example result of the worst-case

undetected differential range errors induced by the impact
of ionospheric fronts with a gradient of 500 mm/km. Sim-
ulated range errors as a function of Δ𝑣 were obtained by
using the exhaustive search algorithm (red dashed curve).
A linear closed-form expression (black solid line) was
determined to fit the simulation result.
In this process, two transition points of the linear expres-

sion are defined. Point 𝑎 indicates the minimum Δ𝑣 value

F IGURE 10 Example of worst undetected differential range
error modeling: simulation result obtained by using exhaustive
search algorithm (red dashed curve) and bounding linear
closed-form expression (black solid line) [Color figure can be
viewed in the online issue, which is available at
wileyonlinelibrary.com and www.ion.org]

beyond which the CCDmonitor is capable of detecting the
ionospheric front with the required probability as deter-
mined by the results of the exhaustive search. For a par-
ticular gradient 𝑔, point 𝑎 can be derived analytically from
the mathematical relationship of the gradient of the iono-
spheric front and theminimumdetectable divergence rate:

𝑎 =
𝑀𝐷𝐷𝑅𝑐𝑐𝑑

2𝑔
(13)

Point b denotes a Δ𝑣 for which the worst undetected
range error is the smallest value. We performed a curve fit-
tingmethod tomodel b as a function of the gradient 𝑔 from
200 mm/km to 500 mm/km.
In Figure 11, the simulated b values aremarkedwith blue

dots, and the fitted curve is represented by the red curve.
The fitted curve of point b is expressed as follows:

𝑏 =
0.0165

𝑔
+ 0.113 (14)

Using transition points a and b, a bounding linear
closed-form expression for the worst undetected range
error can be expressed in Equation (15) as a function of Δ𝑣
and 𝑔:

𝜀 (Δ𝑣) =

⎧⎪⎪⎨⎪⎪⎩
𝑔 (𝑥 + 2𝜏𝑣𝐴𝐶) Δ𝑣 ≤ 𝑎

2𝜏𝑣𝐴𝐶𝑔

𝑎 − 𝑏
(Δ𝑣 − 𝑏) + 𝑔𝑥 𝑎 < Δ𝑣 ≤ 𝑏

𝑔𝑥 𝑏 < Δ𝑣

(15)

F IGURE 11 Fractional function of b values based on curve
fitting method. The fitted curve is derived using the results for the
slopes ranging from 200 mm/km to 500 mm/km [Color figure can
be viewed in the online issue, which is available at
wileyonlinelibrary.com and www.ion.org]
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5 CONCLUSION

This study develops a closed-form expression for the unde-
tected differential range error for CAT-I Ground-Based
Augmentation System (GBAS) users under anomalous
ionospheric conditions. Using the simplified moving front
model, ionospheric impact scenarios are defined to help
formulate a description of the resulting undetected range
errors.
The key steps in calculating these errors include the

derivation of expressions for the outputs of the code-
carrier smoothing filter and the ground code-carrier
divergence (CCD) monitor. We then conducted exhaus-
tive simulations to search for the worst-case undetected
differential range error among all possible combinations
of ionospheric threat parameters and aircraft approach
geometries. Finally, a closed-form expression is derived
as a linear function that conservatively bounds the worst-
case undetected range errors for all combinations of
parameters.
While not all possible approach geometries were consid-

ered, a similar technique could be used to derive closed-
form solutions for other GBAS service types, such as
GAST-D for CAT II/III approaches, which employ aircraft
monitoring as well. For example, it is known that vary-
ing aircraft speeds and runways not aligned with the vec-
tor between the GBAS reference receiver centroid and the
evaluation point (DH) can result in different worst-case
errors.
The proposed closed-form expression for the maximum

undetected differential range error can be utilized to calcu-
late worst-case ionosphere-induced position errors within
the GBAS ground facility to screen out potentially unsafe
satellite geometries in GAST-C operations. This work can
also be applied to the development of GBAS for not only
CONUS but also other regions that have different iono-
spheric threat models.
However, the exhaustive search must be repeated to

recalculate a model for the closed-form expression when
the simulation parameters are changed. Those include the
ranges of ionospheric threat parameters, time constants of
the code-carrier smoothing filter and CCD monitor, CCD
monitor threshold, and distance from the centroid ofGBAS
reference receivers to the evaluation point. The current
closed-form expression can be further improved by sim-
ulating additional aircraft profiles or considering aircraft
speed to be an additional simulation parameterwhenmod-
eling differential range errors.
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APPENDIX A: CARRIER-SMOOTHED-CODE
MEASUREMENT
If we only consider the effect of ionospheric delay
on pseudo-range error; then the carrier smoothed code

measurements in Equation (3) are simply expressed as
𝜌(𝑡) = 𝐼(𝑡) and 𝜑(𝑡) = −𝐼(𝑡) yields �̄�(𝑡) = 𝐶(𝑡):

𝐶 (t) =
𝐼(𝑡)

𝑀
+
𝑀 − 1

𝑀
{𝐶(𝑡 − 𝑇) − 𝐼(𝑡) + 𝐼(𝑡 − 𝑇)} (A1)

The expression for the carrier-smoothed code measure-
ment in the Laplace domain is as follows:

𝐶 (s) =
𝐼 (𝑠)

𝑀
+
𝑀 − 1

𝑀

{
𝐶 (𝑠) 𝑒−𝑇𝑠 − 𝐼 (𝑠) + 𝐼 (𝑠) 𝑒−𝑇𝑠

}
(A2)

According to the Padé approximation, exponential terms
can be expanded as a series of polynomial functions. Here,
we approximate the exponential function with the first-
order Padé approximation:

𝑒−𝑇𝑠 ≈
1 − 𝑇𝑠∕2

1 + 𝑇𝑠∕2
(A3)

Using the above approximation, the transfer function of
the smoothing filter can be derived in Equation (A4). Both
the aircraft and the ground facility use a smoothing time
constant 𝜏 of 100 s, which is equal to a sampling interval 𝑇
of 0.5 s times a filter length𝑀 of 200 (RTCA, 2017).

𝐻 (𝑠) =
𝐶 (𝑠)

𝐼 (𝑠)
≈
1 − 𝑇𝑀𝑠

1 + 𝑇𝑀𝑠
=

1 − 𝜏𝑠

1 + 𝜏𝑠
(A4)

We have two types of ionospheric delay changes:
increasing and decreasing. For the temporal gradient of 𝑔𝑡
and the temporal width of 𝑇𝑤, the increasing type of 𝐼(𝑡)
can be simply expressed with unit step functions:

𝐼𝑖𝑛𝑐(𝑡) = 𝑔𝑡 {𝑡𝑢(𝑡) − (𝑡 − 𝑇𝑤) 𝑢 (𝑡 − 𝑇𝑤)} (A5)

By taking the Laplace transform of 𝐼(𝑡):

𝐼 (𝑠) = 𝑔𝑡

{
1 − 𝑒−𝑇𝑤𝑠

𝑠2

}
(A6)

Then, an explicit expression for C(𝑡) can be obtained by
taking the inverse Laplace transform of𝐻(𝑠)𝐼(𝑠):

𝐶(𝑡) = 𝐿−1 {𝐻 (𝑠) 𝐼 (𝑠)}

= 𝑔𝑡

[{
𝑡𝑢(𝑡) − 2𝜏𝑢(𝑡) + 2𝜏𝑢(𝑡)𝑒

−
𝑡

𝜏

}
−
{
(𝑡 − 𝑇𝑤) 𝑢 (𝑡 − 𝑇𝑤) − 2𝜏𝑢 (𝑡 − 𝑇𝑤)

+ 2𝜏𝑢 (𝑡 − 𝑇𝑤) 𝑒
−(𝑡−𝑇𝑤)∕𝜏

}]
(A7)
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Finally, we obtain an explicit expression of C(𝑡) for the
increasing input:

𝐶𝑖𝑛𝑐(𝑡) =

⎧⎪⎨⎪⎩
0 𝑡 < 0

𝑔𝑡
{
𝑡 + 2𝜏

(
𝑒−𝑡∕𝜏 − 1

)}
0 ≤ 𝑡 < 𝑇𝑤

𝑔𝑡
{
𝑇𝑤 − 2𝜏𝑒−𝑡∕𝜏

(
𝑒𝑇𝑤∕𝜏 − 1

)}
𝑇𝑤 ≤ 𝑡

(A8)

For the decreasing input case, the equation is derived
using the same steps.

𝐼𝑑𝑒𝑐(𝑡) = 𝑔𝑡 [𝑇𝑤 − {𝑡𝑢(𝑡) − (𝑡 − 𝑇𝑤) 𝑢 (𝑡 − 𝑇𝑤)}] (A9)

𝐶𝑑𝑒𝑐(𝑡) =

⎧⎪⎨⎪⎩
𝑔𝑡𝑇𝑤 𝑡 < 0

𝑔𝑡
{
𝑇𝑤 − 𝑡 − 2𝜏

(
𝑒−𝑡∕𝜏 − 1

)}
0 ≤ 𝑡 < 𝑇𝑤

𝑔𝑡
{
2𝜏𝑒−𝑡∕𝜏

(
𝑒𝑇𝑤∕𝜏 − 1

)}
𝑇𝑤 ≤ 𝑡

(A10)

APPENDIX B: OUTPUT OF THE CODE-CARRIER
DIVERGENCEMONITOR
By taking the Laplace transform of Equation (10), the out-
put of the filter can be expressed in the s domain:

𝑍2 (𝑠) =
𝑑Δ (𝑠)

(𝜏𝑠 + 1)
2
=

𝑠Δ (𝑠)

(𝜏𝑠 + 1)
2
=

2𝑠𝐼 (𝑠)

(𝜏𝑠 + 1)
2

(B1)

Because the CCDmonitor is present in the ground facil-
ity, the ionospheric delay will increase linearly as the front
passes. Similar to Equation (A6), the increasing input of

the ground facility for the temporal parameters 𝑔𝐺𝐹 and
𝑇𝑤 in s domain is derived as:

𝐼 (𝑠) = 𝑔𝐺𝐹

{
1 − 𝑒−𝑇𝑤𝑠

𝑠2

}
(B2)

Then, 𝑍2(𝑠) yields:

𝑍2 (𝑠) = 2𝑔𝐺𝐹

{(
1

𝑠
−

1

(𝑠 + 1∕𝜏)
−

1∕𝜏

(𝑠 + 1∕𝜏)
2

)

− 𝑒−𝑇𝑤𝑠

(
1

𝑠
−

1

(𝑠 + 1∕𝜏)
−

1∕𝜏

(𝑠 + 1∕𝜏)
2

)}
(B3)

The inverse Laplace transform function 𝑍2(𝑡) can be
expressed as:

𝑍2(𝑡) = 2𝑔𝐺𝐹

{(
1 −

𝑡 + 𝜏𝑐𝑐𝑑
𝜏𝑐𝑐𝑑

𝑒
−𝑡

𝜏𝑐𝑐𝑑

)
𝑢(𝑡)

−

(
1 −

𝑡 − 𝑇𝑤 + 𝜏𝑐𝑐𝑑
𝜏𝑐𝑐𝑑

𝑒
−𝑡+𝑇𝑤

𝜏𝑐𝑐𝑑

)
𝑢 (𝑡 − 𝑇𝑤)

}
(B4)

In the case of decreasing 𝐼(𝑡) (i.e., the high-to-low front
scenario), the output of the CCD monitor will be symmet-
ric to that of the increasing type of 𝐼(𝑡) in (B4) and thus
have an opposite sign.
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