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1 | INTRODUCTION

Alessandro P. Cerruti

Abstract

While dual-channel codeless and semicodeless processing are mature tech-
niques used on the Global Positioning System P(Y) signals, the literature
lacks assessment of their performance, with derivations from first principles.
This paper fills that gap, providing mathematical models of three dual-
channel codeless or semicodeless processing approaches. Each exploits a sit-
uation where the same signal is transmitted on two carrier frequencies, and
the receiver cannot generate a signal replica for conventional processing.
The mathematical formulation leads to derivation of analytical models for
performance of the three techniques, all having the same parametric form
but different parameter values. The models apply to more general cases
than previously addressed, allowing any relationship between input signal-
to-noise ratios, and including different signal design variants. Computer
simulations crosscheck the analytical performance, and comprehensive
numerical results are provided. The results provide the foundation for a
companion paper assessing how GPS III signal generation affects these types
of receivers.

rate, producing a higher signal-to-noise ratio estimate
of the unknown spreading waveform;

For many years, dual-channel codeless and semicodeless
processing of the GPS P(Y) signals on the L1 and L2 car-
rier frequencies has been performed."* This processing
enables civil receivers to perform highly accurate dual-
frequency carrier phase tracking without accessing a GPS
civil signal on a second frequency. Different approaches
have been employed over the years:

« Single-channel codeless processing that exploits the
signal's cyclostationarity;

« Dual-channel codeless processing intended to exploit
broadcast of identical signals on both carriers;

« Dual-channel semicodeless processing intended to also
exploit signal construction involving the product of a
higher rate known spreading waveform and an
unknown spreading waveform at a known lower chip

+ Dual-channel soft-decision semicodeless processing
intended also to exploit the known spreading modula-
tion with unknown spreading code bits, to produce a
soft-decision estimate of the unknown spreading
waveform.

These different approaches involve progressively
more detailed hypotheses about the signal structure and
more complex receiver processing.

The classic paper® describes these different
approaches and provides some analytical expressions for
performance, but without derivation, reference, or justifi-
cation. That paper focuses specifically on the P(Y) signal,
and performance results are tied to the relative P(Y) sig-
nal powers on the GPS Block II satellites, with L2 P(Y)
power 3 dB less than L1 P(Y) power.
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In contrast, this paper addresses dual-frequency
processing techniques more generally, providing a unify-
ing framework that includes the three types of dual-
channel processing summarized above. It applies to a
general class of signal design by allowing the unknown
spreading waveform chip rate to be any integer submulti-
ple of the known spreading waveform rate. The resulting
performance expressions apply for any relative power
between the signals on both channels. Performance is
upper bounded by a bilinear function of the two input
carrier power to noise power spectral densities. Computer
simulations crosscheck the analytical calculations of
performance.

Even though the types of processing evaluated
in this paper are becoming less used due to the avail-
ability of open dual frequency signals, receivers
employing this processing are still in use. A companion
paper to be published uses the results in this paper to
show that a new signal combining technique,
employed on GPS Block III satellites, is compatible
with these receivers.

The following section describes the signal model
employed in this paper, upon which dual-channel code-
less and semicodeless processing are based. The subse-
quent section provides a detailed mathematical
description of the three different types of processing con-
sidered in this paper, with derivation of the signal and
noise characteristics at different points in the processing
chain. The casual reader need only examine the block
diagrams showing the processing flows, while someone
wishing to replicate or extend the analysis will benefit
from the mathematical details. The next section then uses
the analytical results to develop simple equations that
describe processing performance; these expressions
should be widely useful. Next, a detailed description is
provided for the computer simulation used to corroborate
the analytical results. The following section provides per-
formance results for the three different types of
processing, showing good correspondence between the
analytical expressions and the results from the computer
simulation. The last section summarizes this paper.
Appendix A provides an example correlation function
derivation, while tabulations of numerical results are pro-
vided in Appendix B.

2 | SIGNAL MODEL

Hypothesize that y(¢f) is a baseband direct sequence
spread spectrum (DSSS) signal whose spreading modula-
tion is binary phase shift keyed with rectangular spread-
ing symbols (BPSK-R) having the form

Y= > @ (—kNT) S bugy (t-mTo) (1)

k=—o0 m=—oo
Z digpr, (t—jDT.)
j=—o

where N is a positive integer, and D is another positive
integer much greater than N. Furthermore,

1, -A/2<t<A/2
0, elsewhere

ga (1) = rect (t) = { @)

is a rectangle function. The values of T, N, and D are
known. The chip values {b,, } of the higher rate spreading
waveform are known, but the chip values {ax} of the
other spreading waveform (at the same rate if N=1 or
lower rate if N > 1) are unknown, as are the data message
bits {d; }. While this paper is based on BPSK-R spreading
modulations, it can readily be extended to other biphase
spreading modulations.

The dual-channel processing examined in this paper
is designed to exploit two received baseband waveforms
(in practice obtained from two different carrier frequen-
cies denoted L1 and L2)

r1(t) = any(t+ A)e D +wy (t+ A) 3)
r2(t) = axy(t)e®) 4w, (t)

that each contains the same signal, with w;(t) and w,(t)
being mutually uncorrelated white noise. Here, the signal
in r1(t) is time shifted by A relative to the signal in r,(t),
due to dispersive effects of the ionosphere. The wave-
forms in Equation (3) are assumed to have been frequency
downconverted, and the phase terms 6;(t) and 6,(t) are
assumed to vary slowly. The autocorrelation function
(ACF) of the unit power signal is denoted R,(z) with
power spectral density (PSD) ®y(f) =F{R,(z)} where
F{-} indicates the Fourier transform. (Since the signal is
cyclostationary, its stationarized statistics are used where
appropriate in this paper.) All random quantities are
modeled as ergodic, and the terminology “unit-power”
means the ACF evaluated at zero lag and the
corresponding area under the PSD are both unity.

For the BPSK-R signal with chip rate f, examined in
this paper, the unit-power ACF is

Ry(f) = tril/fc () (4)
where
. 1—||/T, |z|<T
t = 5
riz() { 0, elsewhere (5)

and the unit-power PSD is
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@,(f) = -sine(af[f) (6)
where
sinc(x) =sin(x) /x. (7)

The processing estimates and tracks the slowly
varying phase 0,(t) of the signal on the L2 carrier. In
Equation (3), and without loss of generality, w;(t) and
w;(t) have the same PSD Ny, but the received signal pow-
ers a} and a3 may differ, with received signal powers
defined over a specific bandwidth consistent with signal
specifications. Thus, over that specific bandwidth, the
ratio of received signal power to noise PSD in the first

waveform is
(C/No), =ai/No (8)
while in the second waveform it is

(C/No), =a3/No. 9)

3 | PROCESSING MODELS

This section introduces processing models for dual-
channel codeless processing, dual-channel semicodeless
processing, and dual-channel soft-decision semicodeless
processing. All three types of processing follow the
same type of flow, with differences only in the
processing of ry(t).

3.1 | General model for dual-channel
processing

Figure 1 shows the flow for dual-channel processing,
which uses waveforms on any two carrier frequencies,

E€DION_WiLEY |

denoted r;(t) on L1 and r,(¢t) on L2. Both the L1 and L2
received waveforms are bandlimited, nominally to the
first nulls of the signal's PSD. The L1 waveform is carrier
phase rotated to place the biphase signal in-phase, then
delayed to match the ionospheric delay of the signal on
L2. The sources of information for phase rotation and
delay are beyond the scope of this paper; for P(Y) signal
processing, the published techniques employ tracking the
C/A signal to provide the L1 carrier phase. The next step
in processing the L1 waveform involves enhancing the
signal relative to the noise. Different types of dual-
channel processing exploit different levels of hypotheses
about the signal structure to perform different types of
signal enhancement, as discussed in subsequent sections,
resulting in enhanced estimates of part or all the signal.
This enhanced L1 signal and remaining noise then multi-
ply the L2 signal plus noise, yielding residual parts of the
L2 signal plus noise. Depending upon the specific
processing, all or part of the signal may be wiped off,
leaving the L2 carrier phase and, in some cases, residual
parts of the signal that were not wiped off, with additive
noise. Tracking loops are then used to track and wipe off
any other parts of the signal that had not been wiped,
and then track the L2 carrier phase.

The different dual-channel processing approaches
described in subsequent subsections all follow this
processing flow, using different techniques for signal
enhancement in processing the L1 waveform, leaving dif-
ferent residual signal plus noise after multiplication with
the L2 waveform, and needing different tracking loops.
In all cases, the tracking loops produce estimates of the
L2 signal's carrier phase. However, the inputs to the
tracking loops are different in each case, as described in
subsequent sections.

The waveforms at Point A and Point B in Figure 1
are common to the processing approaches addressed
in this paper, and are defined here. The L1 waveform

Remove Carrier
Phase, Delay L1
to Match Excess

lonospheric
Delay on L2
L1 Baseband Phase |a ;
Signal — ILII><F > Rotate Signal — _
+ Noise fl<fe and Delay Enhancement En'\rl:ir;;ed Baseband Signal
Phase-Modulated Estimate of
FIGURE 1 General model Residual
eneral mode Signal
for dual-channel processing L2 %?gsﬁg Ia nd LPF |B \ﬁ><\ * Noise Tracking
[Color figure can be viewed at + Noise If1<f u Loop(s)
wileyonlinelibrary.com and EnhaWn’cpeif%?; nal
www.ion.org] Replica
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after lowpass filtering, phase rotation, and delay is
modeled as

ra(t) = [r()]; = ¢ ay(t) + wa(t) (10)

where |x(t)|_; indicates bandlimiting x(t) to frequencies
—B<f<p, wa(t)=|wi(t)] . , ¢* is the fraction of
received signal power passed by the lowpass filtering, and
the output signal is approximated as the input signal with
reduced amplitude due to lowpass filtering.

Typically, received signal power is defined over a
finite signal dual-sided bandwidth, denoted g . If the
receiver bandlimits to dual-sided bandwidth gy, then for
a signal whose PSD is that of a BPSK-R spreading modu-
lation with spreading code chip rate f,

Pr/2 1/2

sinc?(zf /f.)df | /

—Pr/2

pr/2
sinc®(zf /f.)df

—Br/2
(11)

Observe that as the receiver's lowpass filter band-
width approaches the transmit bandwidth, ¢ approaches
unity. For GPS L1 and L2 P(Y) signals, the dual-sided
transmit bandwidth is 30.69 MHz. If the dual-sided
lowpass filter bandwidth is 20.46 MHz, ¢ =0.9847.

Also,

rp(t) = [12(0) ) uy, = ¢ ay(D)e” +wp(t)  (12)

where wg(t) = [wz(f)] ;. . The bandlimited noises have
the same PSD

Dy, (f) = Puy (f) = Norectyy, (f) (13)

Remove Carrier

Phase, Delay L1 Retain In-Phase

and ACF

Ry, (t) = Ry, (7) = 2f .Nosinc(2xf 7). (14)

The power in the noises at Point A and Point B is
2f No.

3.2 | Model for dual-channel codeless
processing

Of the dual-channel processing approaches considered in
this paper, dual-channel codeless processing, shown in
Figure 2, is the simplest. Here, the signal is simply
modeled as a biphase signal, with no other knowledge
about its structure. Signal enhancement involves taking
the real part of r4(¢), exploiting the L1 biphase signal that
has been phase rotated into the inphase component.
Thus, the waveform at Point D is given by (where the “c”
in the subscript denotes codeless processing)

rpc(t) =R{ra(t)} = ¢ ary(t) + wp(t) (15)
where wp(t) = ER{ [wi(0)] . } which has PSD
D, (f) = %rectzfc ) (16)
and ACF
Ry, (7) =f Nosinc(2zf . 7) (17)

with power f.No*. Thus, the enhancement processing in
this case leaves the signal approximately untouched (neg-
lecting effects of bandlimiting except for the reduction in

to Match Excess Component
lonospheric Containing
Delay on L2 Biphase Signal
L1 Baseband LPF Phase |, Real
Signal  — > Rotate ea ,
+ Noise |f1<f. and Dela Part Estimate of
y Unknown Baseband Signal
+ Noise
| Baseband Signal: Biphase Signal |
D Phase FIGURE 2 Model of dual-
Modulation channel codeless processin,
L2 E;:?‘Sebland LPF |8 (~\E+ Noise__| Phase-Locked processing
N ;\%n.a = 1fI<f X Loop [Color figure can be viewed at
oise . o
¢ Wipe Off Unknown wileyonlinelibrary.com and
Baseband Signal www.ion.org]
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power) and reduces the noise power by 3 dB by dis-
carding the part of the noise in phase quadrature to the
signal. This architecture is similar to what is called “L1 X
L2 Cross-Correlation” in Woo,* although apparently the
architecture in Woo* does not exploit the known L1
carrier phase by taking the real part to increase the C/N,
by 3 dB.

For this dual-channel codeless processing that only
exploits the fact that the signal is biphase, the waveform
at Point E is then

rE,C(t) = rD,c(t>rB(t) = [¢ (le(t) +WD,C(t)]

[(i) azy(t)eiﬁz(t) +WB(I)} — ¢2 alazeigz(t)
. (18)
+pary(D)wy (1) +§ coy(t)e” wp, (1)

+wg(t)wp (t).

Thus, rgc(t) takes on the form of a slowly varying
complex sinusoid having power

(¢? ma)” = (No)’¢* (C/No),(C/No),  (19)

plus noise Wgc(t) =Wgc1(t) + Wee2(t) +Wge2(t) , where
e (6) = ay(Owa(t) , Weea(t) = d any(t)e® Owp(t) ,
and WE,C,3(t) = WB(t)WD’C(l’).

Thus, a phase-locked loop is used to track the phase
of this slowly varying complex sinusoid.

The ACFs of each of the noise terms are approxi-
mated by

E€DION_WiLEY- | =

Ry, (7) 22f Ny ¢* aiRy(7)sinc(2xf ) (20)
=(No)* (C/No), (2f ¢°) triy s (z)sinc(2af 7).

Ry, (7) 2fNo ¢* a%Ry(T)SinC(zﬂch) (21)

= (No)? (C/No), (fe ¢) triss(7)sinc(2af 7).

Ry, (7) 2 (No)*f 2sinc? (2zf 7). (22)

Appendix A provides an example of the above deriva-
tions for Equation (20).

These ACFs and the corresponding PSDs can be com-
puted numerically: @y, , (f) = F{Ru,., (7) }, Puy ., (/) =F
{Rug,(7)}, @uge,(f) =F{Ru.,()} . The total noise
PSD is

®WE,C (f) = (DWE,C,l (f) + ¢WE,C,2 (f) + d)WE,c,s (f) (23)

Figure 3 compares the shapes of unit power PSDs
numerically computed from Fourier transforms of Equa-
tions (20), (21), and (22).

3.3 | Model for dual-channel
semicodeless processing

Dual-channel semicodeless processing, shown in
Figure 4, is based on modeling the signal structure as the
product of a higher rate known spreading waveform and
a lower rate spreading waveform with unknown spread-
ing code—hence the term “semicodeless” since one of
two spreading codes is known. There, the signal

-1 0 1 -1
Frequency Relative to fC

Frequency Relative to fc

0 1 -1 0 1
Frequency Relative to fc

FIGURE 3 Unit-power PSDs for noise terms in dual-channel codeless processing [Color figure can be viewed at wileyonlinelibrary.com

and www.ion.org]
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enhancement processing in Figure 1 consists of wiping
off the higher rate known spreading waveform to reduce
the signal bandwidth to that of the lower rate spreading
waveform, taking the real part to eliminate noise in phase
quadrature to the signal, and lowpass filtering to remove
noise outside the reduced signal bandwidth. Removal of
L1 delay to match excess ionospheric delay on L2 is an
implementation detail not addressed, but assumed to be
performed perfectly. This architecture is similar to “P-
Code Aided Cross-Correlation” in Woo.*

Since the known spreading waveform is synchronized
to the signal in r4(¢), the waveform at Point C is

re(t)=ra(t) > bugr (t—mT) (24)
= Z angTC(t—kNTc)
k=—00
Y digpr, (t-jDT.) +we(t)
j=—
where we(t) = ER{WA(t) f: bngr, (t—mT¢) } This is a

BPSK-R signal having chip rate f./N, with additive noise
we(t) having ACF

where the division by two comes from taking the real
part, reducing the noise power by a factor of two.
The final step in signal enhancement for dual-

[t

channel semicodeless processing (indicated by the “s” in
the subscript) involves the lowpass filtering, forming
rp,s(t) = L"Ca”ifc/N ¢ Z akgnr, (t—kNT.) (26)
k=—o00

E digpr, (t—jDT.) +wps(t)

j=w

where  wps(f) = [we(t)] sy - The lowpass filtering
reduces the bandwidth of the noise by a factor of N.
Hence, from Equation (25), the power in wpg(t) is
f CN 0/ N.

The approximation in Equation (26) models the signal
term as being unchanged from Equation (24), since it is
mostly contained in the frequency band —f./N<f
<f./N. The ACF of the signal term in rpg(t) is then
approximately

0.9028 ¢ af triyys. (7) (27)

where 0.9028 represents the fraction of signal power pas-
sed by the null-to-null bandlimiting when N is large. The
final multiplication in Figure 4 then wipes off the esti-
mated unknown spreading waveform and the data modu-

Ry (7) = Ry(7)Ru, (7) /2=f Nosinc(2zf .7)Ry(z)  (25)  lation, leaving the waveform at Point E
Remove Carrier .
Phase, Delay L1 Known Retain in-Phase
to Match Excess Spreading ~Component
lonospheric ~ Waveform _ containing
Delay on L2 Biphase Signal
H BS:?‘S(::bland LPF Phase A Real C (Unknown Spreading Waveform)
1gna > > Rotate | x (Data Waveform) + Noise
+ Noise If1<f. | Part
and Delay|
Wipe Off LPF
Known
Spreading |fl<f/N
Waveform

{ Baseband Signal: (Known Biphase Spreading Waveform, Rate f,) |
x (Unknown Biphase Spreading Waveform, Rate f, /N) !

X (Biphase Data Waveform)

(Estimate of Unknown Spreading
Waveform) x (Data Waveform)

Phase-Modulated Estimate of

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, D Known Spreading
L2 Baseband LPF |& Ewiv'\elgc?;rg Conventional
Signal = — X Tracking
+ Noise Ifl<f. ’u Loops
Wipe Off Unknown 1‘
(Spreading Waveform) .
x (Data Waveform) Replica’Known
Spreading
aveform

FIGURE 4 Model of dual-channel semicodeless processing [Color figure can be viewed at wileyonlinelibrary.com and www.ion.org]
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rE,S([) :I’B(t)}’[),s(t) = |f/ 09028¢O{1 Z angTC(t—kNTc) Z dngTc(t—jDTC) +WD,S<t)]

k=—o0

j=—w

X [qﬁ 29 Z angTc(t—kNTC) Z bmgTC(t—mTc) Z dngTc([—jDTc)eiaz(t>+WB(t)‘|

k=—0c m=—oo

=0.9502 ¢2 (04149 Z bmch (t— mTC) eieZ(t) + WB<t> 0.9502 ¢ ay Z Ak 8NT, (t—kNTC) Z dngTc (t—jDTc)

m= —oo

0 o0

j==e

(28)

0

k=—o00 j=—o0

+ lqﬁ (4% Z angTc(t—kNTC) Z bmgTC(t—mTc) Z dngTC(t—jDTc)eiaz(t)‘|WD,s(t)+WB(I)WD,S(t).

k=—0c0 m=—oo

This result leads to the conventional process of track-
ing the carrier phase of a known BPSK-R signal in addi-
tive noise.

Thg conventional tracking loops after Point E wipe

off > bugr (t—mT.) from rgs(t). The waveform at

m=—-—oo

this Point F is

res(t)=res(t) > bugr (t—mTc)=09502  (29)

m=—oo

i0,(1)

P aaz e +We,5,1(£) +We,s,2(1)

+ We,3(t)

where
(o]

Wr,s,1(8) 2 wg(t) {\/0.9028 ¢ o Z akgnr, (t—kNT.)

k=—o0

o0 s

Z bmch(t_ mTC)' Z dngTc(t_jDTc):|

m=—-oo J=—0

WF,s,z(t)%[(p a Y, agnr,(t—kNT¢),

k=—00

‘ > dngTc(t—jDTC)ewz(‘)} wps(t)

j=—c

g 3(8) 2wy (Owpo(t) S bugy (t—mT).

m=—oo

The first term in Equation (29) is a slowly varying
complex sinusoid having power

0.9028(¢? ayaz)” = 0.9028(No)*¢* (C/No),(C/No), (30)

j==e

summed with three mutually uncorrelated zero-mean
noise terms having respective approximate ACFs

Ry, (7)220.9028 ¢ af triy s (7)Ruy (7) (31)

= 1.8056 > (C/No),f.(No)*triyz,(z)

sinc(2zf .7)

Ru.(7) = ¢ a3 triyr (7)Ruy,, (7) (32)
=¢* (C/No),(fe/N)(No) trinys, ()

sinc(2zf.t/N)

Rug,,(7) = Ruy (1) R, (0)Ry (1) == (feNo)* (2/N)  (33)

sinc(2zfez)sinc(2zfer/N)triy 1 (7).

These ACFs and the corresponding PSDs can be com-
puted numerically: @y, (f) =F{Ru..,(7)}, Pup,,(f)
=F{Ru,,(7)}, and @,  (f)=F{Ru,,(v)}. Figure 5
compares the shapes of unit power PSDs numerically
computed from Fourier transforms of Equations (31),
(32), and (33). Clearly, wgs,(t) has much narrower band-
width than the other noise terms, concentrating its power
in band center.

3.4 | Model for dual-channel soft-
decision semicodeless processing

Dual-channel soft-decision semicodeless processing,
shown in Figure 6, is equivalent to Z-tracking in Woo.* It
is based on assuming even more detail about the signal
structure—the known spreading modulation—and
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FIGURE 5 Unit-power PSDs for noise terms in dual-channel semicodeless processing after signal wipeoff in signal tracking; observe
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x (Unknown BPSK-R Spreading Waveform, Rate f,/N)

Waveform) x (Data Waveform)
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FIGURE 6 Model of dual-channel soft-decision semicodeless proce:
www.ion.org]

estimates the unknown spreading symbols. The signal
enhancement processing in Figure 6 is similar to that for
semicodeless processing: wiping off the higher rate
known spreading waveform to reduce the signal band-
width to that of the lower rate spreading waveform, then
taking the real part to eliminate noise in phase quadra-
ture to the signal. However, instead of lowpass filtering
to remove noise outside the reduced signal bandwidth,
this enhancement processing estimates the unknown
BPSK-R spreading waveform having chip rate f./N*,
using synchronous integrate-and-dump operations to

ssing [Color figure can be viewed at wileyonlinelibrary.com and

form a soft-decision estimate of each chip value. This
architecture appears to be similar to what is called “Soft-
Decision Z-Tracking” in Woo.*

The waveform at Point C is the same as in semi-
codeless processing and is thus described by Equa-
tions (24) and (25). Estimation of unknown chip values
using the waveform at Point C is assumed synchronized
to the spreading symbols. Without loss of generality,
define the time origin to span a specific spreading symbol
—NT./2<t<NT./2 where T.=1/f.. The input wave-
form during that time is aody+wc(t), —NT.
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/2<t<NT./2 where q is the unknown chip value, d, is
the unknown data bit value, and w¢(t) is defined in the
previous section.

As indicated above, what is being estimated is the
product of the unknown chip value and the unknown
data bit value. This estimate (EEO is formed by

NT./2
Todo = d £)|dt. 34
aodo NT. [aodo +we(8)] (34)
—NT./2
Its mean is
E{aodo} = aodo (35)

so the estimate is unbiased. The error, or the output
noise, associated with the estimate is

NT./2

1
NT. we(t)dt. (36)
—NT./2

Its variance is given by

, NTe/2 NT./2
WC(tl)WC(tZ) dt,dt, (37)

—NT¢/2—NT./2

— 1
Var{aody} =E (NT
C

, NT¢/2 NT/2
ch(tz—tl) dt;dt,

—NT./2—NT./2

- (5r)

where Ry, (7) is the ACF of wc(t), given in Equation (25).
Using results from page 324 of Papoulis® and Equa-
tion (25), Equation (37) simplifies to

NT
Var{lgao} ZJIE;;O J [1 - I\Z‘" ] sinc(2zf.t)Ry(7)dr. (38)
C C
~NT.

Substituting Equation (5) and using T. = 1/f yields

c

2
Var{aody} = NOI(VfC)

—_—

[1—J%gi] (39)

c

~

sinc(2zf .7)[1—|7|f Jdr = NONgfztzN)

where

E€DION_WiLEY- | ¥

-1

Q(N) = J [1-%'] sinc(27u)[1—|ufldu (40)

-1

is the soft-decision gain, relative to semicodeless
processing analyzed in the previous subsection.

Table 1 provides numerical values for Q(N). For large
-1

1
values of N, Q(N) = | [ sinc(2zu)[1—|ul]du| =2.2148.

-1

For large N, the errors associated with estimates of
sequential chip values are approximately uncorrelated, so
the soft decision estimate is modeled as the true BPSK-R
waveform with chip rate f,/N plus a BPSK-R noise wave-
form with chip rate f_/N, having zero mean and average
power given by Equation (39).

The waveform after signal enhancement for soft-
decision semicodeless processing (indicated by the “d” in
the subscript) is

rp,a(t) = ¢ alki axgnr, (t—KkNT.) (41)
> dor (=DT) +woa(0)
jE—e
where
ubﬂu):kﬁi vignr, (E—KkNT¢) (42)

with E{v,} =0, Var{v} :NO%, and the v mutually
orthogonal. The first term in Equation (41) is the signal
term, with ACF

¢ o triyr (7). (43)

The ACF of the noise term, wp 4(¢), is

TABLE 1 Numerical values of Equation (40)

N Q(N)

10 2.2399
20 2.2273
30 2.2231
40 2.2210
50 2.2198
1000 2.2150
10° 2.2148
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RWD,d (T) = NON.inE]V)

trin s, (7). (44)

Its noise power is N, Oﬁfm . Compared with the result
for semicodeless processing, where wpg(t) has power
fNo/N , the power of wpq(f) in soft-decision semi-
codeless processing is reduced by Q(N), a reduction of
approximately 3.5 dB based on the numerical results in
Table 1. Thus, soft-decision semicodeless processing pro-
vides a performance enhancement on the order of 3.5 dB
greater than semicodeless processing.

The final multiplication in Figure 6 then wipes off the
estimated unknown spreading waveform and the data
modulation, leaving the waveform at Point E

e}

> ak8NT, (t—kNT.)

= -0

WE,q,2(t) = [Cb a

> digpr. (¢ _J.DTc)eigzm} Wwp,q(t)

j=—oo

Weas(6) 2Wwa(Owp.a(t) S bugy (t—mTe).

m=—-oo

The first term in Equation (46) is a slowly varying
complex sinusoid having power

(¢* mas)” = (No)2¢* (C/No),(C/No),  (47)

VE,d(t):VBU)VD,d(t) = [QS ay zoo: angTc(t—kNTc) zoo: dngTc(t—jDTc)+WD,d(t)]

k=—o0

j==

X [d) (4%) Z angTc(t—kNTC) Z bmch(t—mTC) Z dngTc(t—jDTC)eiHZ(t)+WB(t)

k=—00 m=—oo

0

:¢2 a0 Z bmch(t—mTc) eieZ(‘) +WB(t) ¢a1 Z angTC(t—kNTc) E dngTC(t—jDTC)

m=—oo

+

k=—00 m=—oo

This result leads to the conventional process of track-
ing the carrier phase of a known BPSK-R signal in addi-
tive noise.

The conventional tracking loops after Point E wipe
off >  bpgr (t—mT.) from rgq(t). The waveform at

m=—oo

this Point F is

rra(t)=rea(t) Y bwgr (t—mTe)= ¢* may € (46)

m=—oo

+Wr,q,1(t) + Wr,a,2(t) + Wrq,3(t)

where

Weaa()=wa()| dan D agur, (1—KNT)

k=—00

(s8]

> bmch(t_mTc) > dngTc(t_jDTc)

m=—co j=—

k=—-o

J=oe ] (45)

j==w

¢a2 Z angTC(t—kNTc) Z bmch(t—mTC) Z dngTc(t—jDTc)eiHZ(t)] WD’d(t)-l'WB(t)WD,d(t).

j==w

summed with three mutually uncorrelated zero-mean
noise terms having respective approximate ACFs

RWF,d,l (T) = ¢2 (Z% tril/fC (T)RWB (T) (48)

=2¢? (C/No)lfC(No)ztril/fc(r)sinc(Zﬂfcr)

Rur (2) 247 @ tin 5. ()R 0 (49)
= (C/No)a(No) s [ ()]
R (1) = Ry ()R (IR 1) = S

sinc(2fir) triy 1 (¢)triy 1. (1) = (iNo)2(2/N)  (50)

sinc(2zf.r)sinc(2zf.r/N)triy . (7).
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These ACFs and the corresponding PSDs can be
computed numerically: @y, (f) =F{Ru..,(7)},
@ =F{Ru,,(7)}, and q’wa,ds ) =F{Ruy, (1) }.
Figure 7 compares the shapes of the PSDs numerically
computed from Fourier transforms of Equations (48),
(49), and (50). Clearly, wg4,(t) has much narrower band-
width than the other noise terms, concentrating its power
in band center.

WE, d, z

4 | PERFORMANCE ANALYSIS
Dual-channel codeless and semicodeless processing are
employed primarily to allow tracking of the L2 carrier. As
shown in Betz,°® the effective C/N, at the input to the
tracking loop(s) is a suitable performance metric for car-
rier tracking and is thus assessed at Point E in Figures 2,
4, and 6. This section assembles expressions for effective
C/Nj based on results in the previous section.

41 | Performance of dual-channel
codeless processing

Referring to Figure 2, the effective C/N, for a phase-
locked loop tracking the signal in rg¢(t) is determined by
the ratio of the power in the slowly varying sinusoid,
given by Equation (19), divided by the total noise PSD at
Point E, (23), evaluated at f =0. (Observe from Figure 3
that the noise PSD terms are relatively flat over the tens
of hertz used to track the sinusoid, so the noise PSD at
this point is approximated as whyjte, and its peak value at
f=0is used.) Since @, (0)= [ Ry, (7)dr, the effective
C/Ny at Point E for dual-channél®todeless processing is

E€DION_WiLEY | ™

(C/No). = (No)*¢* (C/No),(C/No),

x | (No)? [2(C/No), +(C/No), ] (1 ) me o)sinc(2afr)de

— 00

o)

-1
+ (No)*f? J sincz(27rfcr)dr}

— o0

(51)

Using j"o sinc?(2zf,7)dr=1/(2f,) and

0o o 1
| triyp (z)sinc(2zf 7)de = (2/f.) [ [1—ulsinc(2zu)du
o 0
1
=(2/f.) | sinc(2wu)du = 0.4515/f
0
in Equation (51) yields
¢4 (C/N0)1(C/N0)2

+(C/No),] (f: ¢*)(0.4514/f.) + 0.4916f;
(52)

(C/No).=

2(C/No),

~ 2.0342 ¢* (C/Np),(C/No),/f:
 1.8365¢%(C/No), /fe +0.91824°(C/No), /fe+1

4.2 | Performance of dual-channel
semicodeless processing

Referring to Figure 4, the effective C/N, for tracking of
the signal in rgg(f) is determined by the ratio of the
power in the slowly varying sinusoid, given by Equation
(47), divided by the sum of the areas under the
correlation functions (31), (32), and (33) as in Equa-
tion (51), yielding

0 0 0
N=10
N=20
N=40
S
[an]
kS
@
€N
w
2
(=]
H_O
N=10 N=10
N=20 N=20
N=40 N=40
20 . ‘ . 20 . . . 20 . . .
-1 0 1 -1 0 1 -1 0 1

Frequency Relative to fC

FIGURE 7

Frequency Relative to fC

Frequency Relative to fC

PSDs for noise terms in dual-channel soft-decision semicodeless processing after signal wipeoff in signal tracking; first and

third are unit-power while the center has power 1/N [Color figure can be viewed at wileyonlinelibrary.com and www.ion.org]
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(C/No); =0.9028¢* (C/No),(C/No),

[1‘8056 #*(C/Ny), J fetriy g, (z)sinc(2zfe7)dr

— 00

+4 (C/Ny), J (fo/N)tri 1 ()sinc(2afur/N) de

+(26/N) J fesinc(2afio)sine(2afer/N)triy ;. (7)dz

(53)

(Observe from Figure 5 that the noise PSD terms
are relatively flat over the tens of hertz used to track
the sinusoid, so the noise PSD at this point is approxi-
mated as white, and its peak value at f =0 is used. The
PSD at f=0 is equal to the area under the correlation
function.)

Numerical evaluation shows that the integrals in
Equation (53) are virtually invariant over the values of N
being considered, yielding the approximation

(C/No), == 0.9028 ¢* (C/No), (C/No),
%%5 71,8056 ¢ (C/No),0.50 + ¢ (C/Ny),0.45 + (2f./N)0.50

N 0.9028 N¢* (C/No), (C/No), /f-
~ 0.9028 N¢*(C/Ny), /f. +0.4500 N *(C/Ny), /fe +1'

(54)

R

4.3 | Performance of dual-channel soft-
decision semicodeless processing

Referring to Figure 6, the effective C/N, for tracking of
the signal in rgq4(t) is determined by the ratio of the
power in the slowly varying sinusoid, given by Equa-
tion (47), divided by the sum of the areas under the corre-
lation functions (48), (49), (50), as in Equations (51) and
(53), yielding

(C/Ny), =2 ¢* (C/Np),(C/No), |2 p*(C/Ny), J fetriy g, (v)sinc(2afer)dr + ¢* (C/No)y =

(Observe from Figure 7 that the noise PSD terms are
relatively flat over the tens of hertz used to track the sinu-
soid, so the noise PSD at this point is approximated as
white, and its peak value at f=0 is used. The PSD at
f=0is equal to the area under the correlation function.)

Numerical evaluation shows that the integrals in
Equation (55) are virtually invariant over the values of N
being considered, yielding the approximation

¢* (C/No),(C/No),
2 ¢* (C/Np),0.45 + $* (C/Np),0.73/2(N) +

(C/IVO)Sg ch

0.45
NQ(N)

N 1.1111 NT'(N)¢* (C/Np), (C/No), /f:
T NI(N)$*(C/No), /fe +0.8111 N ¢*(C/Ny), /fe +1

(56)

44 | Summary of performance results
The results in this section show that the performance of
all three types of codeless and semicodeless processing
considered in this paper is expressed using the same
parametric form,

7 (C/Ny),(C/Ny),

C/N = 57
(C/NOesa =N, +4C/No 1 )

having bilinear upper bound
(C/No)csa<r (C/No),(C/No), (58)

with approximate coefficients, all positive, listed in
Table 2.
Squaring loss, defined in Woo,* is

(C/No), _ n(C/No); +4(C/No), +1
(C/No)c,s,d B . (59)

v (C/No),

(o]

1
Q(N)

— o0

oo -1

— o0

J (/N [ty . (7)) e + N; o chsinc(znﬁr)trim (¢)triy . ()de
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TABLE 2 Approximate coefficients for performance of dual-channel codeless and semicodeless processing

Dual-Chanel Processing Type 4 n A

Codeless 2.0342 ¢* /f. 1.8365 ¢*/f. 0.9182 ¢*/f.
Semicodeless 0.9028 N¢*/f, 0.9028 N¢?/f, 0.4500 N ¢ /f,
Soft-decision semicodeless 1.1111 NT(N)¢*/f. NQ(N)$*/f. 0.8111 N ¢?*/f.

The effective C/N, decreases with higher chip rates.
Codeless performance is insensitive to N, since this
processing does not exploit signal structure other than
the fact that the signal is biphase. However, the effective
C/Ny from both types of semicodeless processing
increases with N, when the unknown spreading
waveform has lower chip rate. Soft-decision semicodeless
outperforms semicodeless by as much as Q(N),
approaching 4 dB.

5 | COMPUTER SIMULATION

The MATLAB simulation developed to crosscheck the
analytical results consists of a signal generator followed
by the receiver processing. The signal generator is shown
in Figure 8. First, a baseband DSSS signal is generated
corresponding to Equation (1). The chip values a, and b,,
are produced using a random number generator, yielding
uncorrelated and identically distributed values of +1. The
chip rate of b, is f.=10.23 MHz, while the chip rate of
ak is f./N. The chip sequences are upsampled with sam-
ple and hold to a sampling rate of f =128 megasamples

per second (Ms/s), selected to avoid commensurate sam-
pling, forming BPSK-R spreading modulations. Without
loss of generality, the data message bits d; are set to unity.
A copy of the upsampled signal > byrecty, (t—mT,)

m=—oo
is stored for later use in the processing. The upsampled
signals > ayrectyr, (t—mNT.) and > bprectr,

k=—o00 m=—oco
(t—mTc) are then multiplied together sample-by-sample
to complete formation of the sampled representation of
the baseband signal (1), with discrete sample times ¢, spa-
ced by 1/f,. Two copies of the sampled signal, one for L1
and the other for L2, are created, each scaled by applying
the appropriate amplitude over the precorrelation band-
width of +15.345 MHz. Without loss of generality, a
carrier phase is pseudorandomly applied only to the L2
signal. No transmit filter is applied to the signals since
the precorrelation filter bandlimits the signals. Samples
of mutually uncorrelated complex Gaussian white noise
for the L1 and L2 waveforms are generated using the
MATLAB function randn() at the sampling rate f, and
scaled to generate noise at the appropriate PSD Ng. The
complex noise time series are added to the L1 and L2

Copy stored for

Known Spreading Waveform

dn() +
randn() \ /]’5170/2|”0=10V\_0 .

i-randn()

b Sample and

rl(ts)
L1 Baseband

. d-| b, [
Slgn(gasn) () > Hold by X \U Signal +
’ 128e6/f, Noise
XH &
2
. Sample and ryfts)
_| a
sngn(gasn)d() N [ by m L2 Baseband
. 128e6/(f./N) X Signal +
Noise
randn() + |
n,/2
i-randn() fs 0/ ny =100

FIGURE 8 Signal generation for computer simulation [Color figure can be viewed at wileyonlinelibrary.com and www.ion.org]
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signals to form sampled versions of Equation (3).
The resulting L1 and L2 baseband waveforms are sam-
pled versions of the inputs on the left-hand side of

Figures 1 through 4.
The receiver processing follows the models illustrated

in Figures 1 through 4. Lowpass filter coefficients are gen-
erated for a 2048-tap finite impulse response (FIR) filter
with a stop frequency of f. using the MATLAB firl()
function, ensuring linear phase. These filter coefficients
are used by the MATLAB function filter() to lowpass fil-
ter the input L1 and L2 baseband signals and noise. The
initial 1024 samples output from the filter() function are
truncated to maintain synchronization of all signals.

Continuing along the L1 path, since the L1 baseband
signal was synthesized without delay or phase rotation,
these parameters do not need to be removed in the simu-
lation. The result is the waveforms at Point A and Point B
in all the processing approaches. Beyond this point, the
processing approaches differ, and different simulations
are then performed as described below.

To implement the codeless processing in Figure 2, the
real portion of the waveform at Point A is taken, creating
the waveform at D, which is then multiplied sample-by-
sample with the waveform at Point B to create the wave-
form at Point E.

For the semicodeless processing in Figure 4, the wave-
form at Point A is multiplied sample-by-sample with the
copy of the known spreading waveform created during
signal generation, and the real part of the resulting wave-
form is retained, creating the waveform at Point C. The

fir1(2048,
2f /f

}

waveform at Point C is lowpass filtered, as shown in
Figure 9, once again using the MATLAB filter() function
with low pass filter coefficients generated for a FIR filter,
with a stop frequency of f./N using the MATLAB firl()
function. A 2048-tap filter is used, and the initial 1024
output samples are truncated to produce the sampled sig-
nal at Point D. The truncation removes the constant FIR
filter delay and retains synchronization with the L2 sig-
nal path. The waveform at Point D is then sample-by-
sample multiplied with the signal from Point B to arrive
at the signal at Point E.

For the soft-decision semicodeless processing shown
in Figure 6, the waveform up to Point D is the same as in
the semicodeless processing. Then, a soft decision esti-
mate of the unknown spreading waveform is formed
using the processing shown in Figure 10, yielding the
waveform at Point D in Figure 6. This waveform is then
sample-by-sample multiplied with the waveform from
Point B to produce the waveform at Point E.

The simulation then estimates the effective C/N, in
the waveforms at Point E. For codeless processing, the
C/N, of the resulting constant (since perfect frequency
alignment is used in the simulation) in noise is then esti-
mated directly. For semicodeless processing without and
with soft decisions, the waveform at Point E is a DSSS sig-
nal in noise. Effective C/N, for this waveform is esti-
mated from the dot product of a replica of the DSSS
signal and the corresponding waveform at Point E, using
sequential dot products each computed over 1-ms inter-
vals. The effective C/N, estimate is

FIGURE 9 Lowpass filter and truncation

for simulation; for lowpass filtering between
L1/L2 Baseband ] Tru ncate Waveforms points C and D in semicodeless processing,
Signal + Noise - filter() —| first 2048 atAandB replace 2f . /f, with 2f./(Nf,) [Color figure can
samples be viewed at wileyonlinelibrary.com and www.
ion.org]
fir1(2048,
2(f./N)/f,)
S d
Truncate duurrrln aor:/er Sample and Signal Estimate
Waveform at C — filter() — first 2048 P — Hold by g
f/(f/N) atD
samples samples f/(f/N)

FIGURE 10
www.ion.org]|

Soft-decision estimation of the unknown signal component [Color figure can be viewed at wileyonlinelibrary.com and
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(C/No)ey =ii0? (60)

where fi and o2 are, respectively, the sample mean and
sample variance of the real parts of the dot products, each
computed over 30,000 sequential 1-ms intervals using the
MATLAB functions mean() and var().

6 | NUMERICAL RESULTS

Numerical results from the analytical model and simula-
tion are provided in this section for a known signal com-
ponent chip rate of 10.23 MHz, with signal powers
defined over +15.345 MHz. Figure 11 shows results for
codeless processing. The dashed line is the bilinear upper
bound, while there are three almost indistinguishable
solid lines: the upper one for (C/Ny),=2%(C/Ny),, the
center one for (C/Ny),=(C/Ny);, and the lower one for

(C/No), =(C/No), /2.

Corresponding simulation results are plotted at dis-
crete points, with excellent correspondence between ana-
lytical and simulation results. Clearly, for these numerical
values, the bilinear upper bound is very tight, and the per-
formance depends almost entirely on the product of the
input C/N, values, with little difference if one is slightly
larger or smaller than the other. Input C/N, values must
approach 55 dB-Hz in each channel in order to obtain
the desirable situation of codeless C/N, greater than
40 dB-Hz—desirable since this C/Nj is large enough for
ambiguity resolution and for reliable tracking loop lock.

Results for semicodeless processing are portrayed in
Figure 12. The dashed lines are bilinear upper bounds,

55
50
N
T
o
T 45f
o
z
1)
[}
8 a0}
[
©
[
()
35+
30 ‘ ! ‘ | ‘
80 85 90 95 100 105 110
(CIN,), (dB-Hz) + (C/IN,), (dB-Hz)
FIGURE 11 Dual-channel codeless C/N, numerical (lines)

and simulation (symbols) results [Color figure can be viewed at
wileyonlinelibrary.com and www.ion.org]
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while there are groups of three almost indistinguishable
solid lines: the upper one for (C/Ny),=2x(C/Ny),, the
center one for (C/Ny),=(C/Ny),, and the lower one for

(C/Ny),=(C/Ny),/2. Simulation results are provided at
discrete points, with excellent correspondence between
analytical and simulation results. The semicodeless
numerical results are distinctly different for different
values of N, the ratio between the chip rate of the known
signal component and the chip rate of the unknown sig-
nal component. All the effective C/N, values shown are
significantly larger than corresponding values from code-
less processing, showing the benefit of semicodeless
processing when N is large. Even for a signal design with
N =10, input C/N, values slightly greater than 50 dB-Hz
at each input yield the desirable situation of codeless
C/Ny greater than 40 dB-Hz. The semicodeless C/Nj
increases with larger values of N, showing the advantage
of a slower chip rate for the unknown signal component.
While the semicodeless C/N, tracks the bilinear upper
bound closely for small and moderate input C/Nj values,
at larger input C/N, values the semicodeless C/N, falls
below the bilinear upper bound. The departure from the
bilinear upper bound is more pronounced for larger
values of N. Other results, not shown here, indicate diver-
gence between curves for the same value of N and the
same product of (C/Ny),(C/Ny),, but different ratios
between (C/Ny); and (C/Ny), as the input C/N, values
increase beyond those plotted here.

Figure 13 shows results for soft decision semicodeless
processing, with the dashed lines and the triplets of solid
lines having the same meaning as in the other figures.
Simulation results are provided at discrete points, with
about 1 dB offset between analytical and simulation

55 . . . - :
N=40
N=20
N=10
50
N
T
o)
ke
o 45
£
(S
17
k]
S 40r
o
Rs}
€
[0
%]
35
30
80 85 90 95 100 105 110
(CIN,), (dB-Hz) + (CIN,),, (dB-Hz)
FIGURE 12 Dual-channel semicodeless C/N, numerical

(lines) and simulation (symbols) results [Color figure can be viewed
at wileyonlinelibrary.com and www.ion.org|
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FIGURE 13 Dual-channel soft-decision semicodeless C/N,
numerical (lines) and simulation (symbols) results [Color figure
can be viewed at wileyonlinelibrary.com and www.ion.org]

results, possibly reflecting unmodeled losses in the simu-
lation of soft decision processing. These results are quali-
tatively similar to those for semicodeless, except the C/Ng
is several dB larger for small and moderate input C/N,
values, showing the performance advantage of the soft
decision processing. With larger input C/N, values, the
performance benefits of the soft decision processing
diminish relative to standard semicodeless processing.

TABLE 3 Comparison of analytical results in this paper with
corresponding results in Woo* for N=20 and (C/N), =
0.5% (C/No),

L2 C/N, Architecture Squaring
(dB-Hz) Loss (dB)
39 Dual-channel codeless 25.3
L1 x L2 cross-correlation* 28
Dual-channel semicodeless 15.8
P-code aided cross-correlation* 15
Dual-channel soft-decision 114
semicodeless
Soft-decision Z-tracking* 12
Maximum a posteriori* 11
42 Dual-channel codeless 22.3
L1 x L2 cross-correlation* 25
Dual-channel semicodeless 12.8

P-code aided cross-correlation* 12

Dual-channel soft-decision 9.0
semicodeless

Soft-decision Z-tracking* 9.5

Maximum a posteriori* 8

Analytical results in this paper can be compared with
corresponding results in Woo,* for the specific situation
addressed in Woo*: N=20 and (C/Nj),=0.5x (C/Ny),.
Table 3 shows the comparison, using squaring loss as
defined in Equation (59): the difference (in dB) between
the L2 C/Ny and the output C/N,. Dual-channel codeless
processing has approximately 3 dB less squaring loss than
L1 x L2 cross-correlation in Woo,* presumably since
dual-channel cross-correlation processing discards half
the noise in the L1 channel by taking the real part. Squar-
ing losses from dual-channel semicodeless processing are
only 0.8 dB different from those reported for P-code aided
cross-correlation.* Squaring losses for dual-channel soft-
decision semicodeless are within 1 dB of those reported
for both soft-decision Z-tracking and maximum a
posteriori in Woo.* Moreover, the changes in squaring
loss with changes in L2 C/N, are very similar for the
architectures explored in this paper and corresponding
architectures in Woo.*

7 | SUMMARY

The performance of three different processing techniques
has been quantified for receiving a common signal on
two carrier frequencies that has an unknown spreading
waveform. It is assumed that the signal on one carrier
frequency can be tracked perfectly, through tracking of a
second known signal on the same carrier. The processing
tracks the carrier phase of the signal on the second car-
rier frequency. Dual-channel codeless processing only
exploits the biphase nature of the signal, while dual-
channel semicodeless processing also exploits the hypoth-
esis that the signal is the product of a known spreading
waveform and an unknown spreading waveform at a
known lower chip rate. Dual-channel soft-decision semi-
codeless processing also exploits the hypothesized spread-
ing modulation of the unknown spreading waveform.
Performance of all three processing techniques is
described by a common parametric form, although the
parameter values differ for the different processing tech-
niques. In all cases, the performance is better when the
chip rate of the known spreading waveform is smaller,
and the performance of dual-channel semicodeless tech-
niques is also better when the chip rate of the unknown
spreading waveform is smaller. Close correspondence
between analytical and simulation results provides great
confidence in the analytical results.

ACKNOWLEDGMENTS

Thanks to Dr. Sharon Marroquin and Ryan Cassel for
their helpful reviews of this paper. The work was
supported by the U.S. Air Force under contract


http://wileyonlinelibrary.com
http://www.ion.org

BETZ anp CERRUTI

no. FAS8702-19-C-0001. The authors also thank the
reviewers for perceptive and helpful suggestions.

ORCID

John W. Betz ‘© https://orcid.org/0000-0002-3594-594X
Alessandro P. Cerruti ‘® https://orcid.org/0000-0002-2989-
9967

REFERENCES

1. Lorenz R, Gourevitch S. The Z-12 Performance advantage. Pro-
ceedings of the 1995 National Technical Meeting of The Institute
of Navigation. Anaheim, California; January 1995:439-444.

2. Ripley M, Cooper I, Daly P, Silvestrin P. Development of a dual-
frequency GNSS receiver for scientific applications. Proceedings
of the 11th International Technical Meeting of the Satellite Divi-
sion of The Institute of Navigation (ION GPS 1998). Nashville,
TN; September 1998:1645-1654.

3. Jung H, Psiaki ML, Powell SP. Kalman-filter-based semi-
codeless tracking of weak dual-frequency GPS signals. Proceed-
ings of the 16th International Technical Meeting of the Satellite
Division of The Institute of Navigation (ION GPS/GNSS 2003).
Portland, OR; September 2003:2515-2523.

4. Woo KT. Optimum semicodeless carrier-phase tracking of L2.
Navigation. 2000;47:82-99.

5. Papoulis A. Probability, Random Variables, and Stochastic Pro-
cesses. New York: McGraw-Hill; 1965.

6. Betz JW. Engineering Satellite-Based Navigation and Timing:
Global Navigation Satellite Systems, Signals, and Receivers.
Piscataway, NJ: Wiley-IEEE Press; 2015.

How to cite this article: Betz JW, Cerruti AP.
Performance of dual-channel codeless and
semicodeless processing. NAVIGATION. 2020;67:
109-128. https://doi.org/10.1002/navi.347

APPENDIX A

EXAMPLE DERIVATION

This paper contains derivations of many correlation functions;
an example derivation of Equation (20) is provided here
for the correlation function of wg ¢ 1(¢) = ¢ a1y (t)wg(t).

RE,C,I (T) :E{WE,CJ (I)WE’CJ([—T)} (Al)
=E{¢ ary(t)wp(t)¢p ary(t—7)wg(t—1)}
= p* o B{ y(t)ws (1) y(t—7)ws(t—7)}

Using the assumption that signal and noise are

uncorrelated, Equation (Al) simplifies using Equa-
tions (4) and (14)

E€DION_WiLEY- | =
Ry 1(7) = "o Ry(7) Ry (7) (A2)
= 2f Nop*ajtriy s ()R (7)sinc(2zf 1)

= (No)* (C/No), (2f. #°) sinc(2af )

where the last step uses Equation (8).

APPENDIX B

TABULATED NUMERICAL RESULTS
The following tables provide numerical results to provide
more accurate values than can be inferred from the plots
in the earlier section. Where applicable, the analytical
results are computed using numerical evaluation of the
spectral dot products and thus may slightly differ from
results computed using the approximate numerical
values in Table 2. Table B1 lists results for codeless
processing.

Tables B2, B3, and B4 list results for semicodeless
processing, for different values of N.

Tables B5, B6, and B7 list results for soft-decision
semicodeless processing, for different values of N.

TABLE B1  Numerical results for dual-channel codeless
processing
(C/Ny);, (C/Ny),, Bilinear Approximation (C/Ny).,
dB-Hz dB-Hz to (C/Ny),, dB-Hz dB-Hz
41.5 38.5 12.7 12.7
44.0 41.0 17.7 17.7
46.5 43.5 22.7 22.7
49.0 46.0 27.7 27.6
51.5 48.5 32.7 32.6
54.0 51.0 37.7 37.5
56.5 53.5 42.7 42.3
59.0 56.0 47.7 47.0
61.5 58.5 52.7 51.5
40.0 40.0 12.7 12.7
42.5 42.5 17.7 17.7
45.0 45.0 22.7 22.7
47.5 47.5 27.7 27.7
50.0 50.0 32.7 32.6
52.5 52.5 37.7 37.5
55.0 55.0 42.7 424
57.5 57.5 47.7 47.1
(Continues)


https://orcid.org/0000-0002-3594-594X
https://orcid.org/0000-0002-3594-594X
https://orcid.org/0000-0002-2989-9967
https://orcid.org/0000-0002-2989-9967
https://orcid.org/0000-0002-2989-9967
https://doi.org/10.1002/navi.347

126 Wl L EY—% I o N BETZ anp CERRUTI

TABLE B1 (Continued) TABLE B3  Numerical results for dual-channel semicodeless

ors . . processing, N =20
(C/No);, (C/Ny),, Bilinear Approximation (C/N),,

dB-Hz dB-Hz to (C/Ny),, dB-Hz dB-Hz (C/No);, (C/Ny),, Bilinear Approximation (C/N,),,

60.0 60.0 507 517 dB-Hz dB-Hz to (C/Ny),, dB-Hz dB-Hz

38.5 415 12.7 12.7 415 38.5 222 220

41.0 44.0 17.7 17.7 ol S 212 26.9

435 46.5 22.7 22.7 46.5 43.5 32.2 3L.7

46.0 49.0 27.7 27.7 . ol - 364

485 51.5 32.7 32.6 SL5 48.5 42.2 40.9

51.0 54.0 37.7 37.5 oA — L2 450

53.5 56.5 427 424 36.5 53.5 52.2 48.9

56.0 59.0 47.7 47.1 e 36.0 >7.2 S

58.5 61.5 52.7 51.7 6L.5 >8.5 62.2 55.5

40.0 40.0 22.2 22.1
4.5 4.5 27.2 26.9

TABLE B2  Numerical results for dual-channel semicodeless 45.0 45.0 322 31.8
processing, N =10 475 475 37.2 36.4

(C/No);, (C/Ny),, Bilinear Approximation (C/N)),, 50.0 50.0 42.2 40.9

dB-Hz dB-Hz to (C/Ny),, dB-Hz dB-Hz 52.5 52.5 472 45.1

41.5 38.5 19.2 19.1 55.0 55.0 522 49.0

44.0 410 24.2 24.1 57.5 57.5 57.2 52.5

46.5 43.5 29.2 289 60.0 60.0 62.2 55.7

49.0 46.0 34.2 33.8 38.5 41.5 222 22.0

51.5 48.5 39.2 38.5 41.0 44.0 27.2 26.9

54.0 51.0 44.2 43.0 43.5 46.5 32.2 31.7

56.5 53.5 49.2 47.2 46.0 49.0 37.2 36.4

59.0 56.0 54.2 511 48.5 51.5 422 40.9

61.5 58.5 59.2 54.7 51.0 54.0 47.2 45.0

40.0 40.0 19.2 19.1 53.5 56.5 52.2 48.9

42.5 42.5 24.2 24.1 56.0 59.0 57.2 52.4

45.0 45.0 29.2 29.0 58.5 61.5 62.2 55.5

47.5 47.5 34.2 3338

50.0 50.0 39.2 38.5

52.5 52.5 44.2 43.0

55.0 55.0 49.2 47.3

57.5 57.5 54.2 51.3

60.0 60.0 59.2 54.9

38.5 41.5 19.2 19.1

41.0 44.0 24.2 24.1

43.5 46.5 29.2 28.9

46.0 49.0 34.2 3338

48.5 51.5 39.2 38.5

51.0 54.0 44.2 43.0

535 56.5 49.2 472

56.0 59.0 54.2 51.1

58.5 61.5 59.2 54.7
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TABLE B4  Numerical results for dual-channel semicodeless TABLE B5 Numerical results for dual-channel soft-decision
processing, N =40 semicodeless processing, N =10

(C/No);, (C/Ny),, Bilinear Approximation (C/Nj),, (C/Ny);, (C/Ny),, Bilinear Approximation (C/Ny),,
dB-Hz dB-Hz to (C/N,),, dB-Hz dB-Hz dB-Hz dB-Hz to (C/Ny),, dB-Hz dB-Hz
41.5 38.5 25.2 249 41.5 38.5 23.6 23.4
44.0 41.0 30.2 29.7 44.0 41.0 28.6 28.3
46.5 43.5 35.2 343 46.5 43.5 33.6 33.1
49.0 46.0 40.2 38.7 49.0 46.0 38.6 37.8
51.5 48.5 45.2 42.8 51.5 48.5 43.6 42.3
54.0 51.0 50.2 46.6 54.0 51.0 48.6 46.5
56.5 53.5 55.2 50.0 56.5 53.5 53.6 50.3
59.0 56.0 60.2 53.2 59.0 56.0 58.6 53.8
61.5 58.5 65.2 56.0 61.5 58.5 63.6 57.0
40.0 40.0 25.2 24.9 40.0 40.0 23.6 23.5
42.5 42.5 30.2 29.7 42.5 42.5 28.6 28.4
45.0 45.0 35.2 344 45.0 45.0 33.6 33.2
47.5 47.5 40.2 38.8 47.5 47.5 38.6 37.9
50.0 50.0 45.2 42.9 50.0 50.0 43.6 42.5
52.5 52.5 50.2 46.8 52.5 52.5 48.6 46.8
55.0 55.0 55.2 50.2 55.0 55.0 53.6 50.8
57.5 57.5 60.2 534 57.5 57.5 58.6 54.4
60.0 60.0 65.2 56.3 60.0 60.0 63.6 57.7
38.5 41.5 25.2 24.9 38.5 41.5 23.6 23.5
41.0 44.0 30.2 29.7 41.0 44.0 28.6 28.4
43.5 46.5 35.2 34.3 43.5 46.5 33.6 33.3
46.0 49.0 40.2 38.7 46.0 49.0 38.6 38.0
48.5 51.5 45.2 42.8 48.5 51.5 43.6 42.6
51.0 54.0 50.2 46.6 51.0 54.0 48.6 46.9
53.5 56.5 55.2 50.0 53.5 56.5 53.6 51.0
56.0 59.0 60.2 53.2 56.0 59.0 58.6 54.7

58.5 61.5 65.2 56.0 58.5 61.5 63.6 58.0
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TABLE B6  Numerical results for dual-channel soft-decision TABLE B7  Numerical results for dual-channel soft-decision
semicodeless processing, N =20 semicodeless processing, N =40

(C/Ny);, (C/Ny),, Bilinear Approximation (C/Ny),, (C/No);, (C/Ny),, Bilinear Approximation (C/Ny),,
dB-Hz dB-Hz to (C/Ny),, dB-Hz dB-Hz dB-Hz dB-Hz to (C/N,),, dB-Hz dB-Hz
41.5 38.5 26.6 26.3 41.5 38.5 29.6 29.0
44.0 41.0 31.6 31.1 44.0 41.0 34.6 33.6
46.5 43.5 36.6 35.7 46.5 43.5 39.6 38.0
49.0 46.0 41.6 40.1 49.0 46.0 44.6 42.0
51.5 48.5 46.6 44.3 51.5 48.5 49.6 45.8
54.0 51.0 51.6 48.0 54.0 51.0 54.6 49.1
56.5 53.5 56.6 51.5 56.5 53.5 59.6 52.2
59.0 56.0 61.6 54.6 59.0 56.0 64.6 55.1
61.5 58.5 66.6 57.5 61.5 58.5 69.6 57.8
40.0 40.0 26.6 26.3 40.0 40.0 29.6 29.1
42.5 42.5 31.6 31.2 42.5 42.5 34.6 33.8
45.0 45.0 36.6 35.9 45.0 45.0 39.6 38.2
47.5 47.5 41.6 40.4 47.5 47.5 44.6 424
50.0 50.0 46.6 44.6 50.0 50.0 49.6 46.3
52.5 52.5 51.6 48.5 52.5 52.5 54.6 49.7
55.0 55.0 56.6 52.1 55.0 55.0 59.6 52.9
57.5 57.5 61.6 55.3 57.5 57.5 64.6 55.8
60.0 60.0 66.6 58.3 60.0 60.0 69.6 58.6
38.5 41.5 26.6 26.4 38.5 41.5 29.6 29.2
41.0 44.0 31.6 31.2 41.0 44.0 34.6 33.8
43.5 46.5 36.6 359 43.5 46.5 39.6 38.4
46.0 49.0 41.6 40.5 46.0 49.0 44.6 42.6
48.5 51.5 46.6 44.8 48.5 51.5 49.6 46.5
51.0 54.0 51.6 48.8 51.0 54.0 54.6 50.1
53.5 56.5 56.6 52.4 53.5 56.5 59.6 53.3
56.0 59.0 61.6 55.7 56.0 59.0 64.6 56.3

58.5 61.5 66.6 58.7 58.5 61.5 69.6 59.0
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