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1 | INTRODUCTION

The GPS C/A-code is the most widely utilized GNSS
signal today. The C/A-code design includes (1) a short
(length-1023) spreading code that repeats every one milli-
second and (2) a low (50-bps) navigation data rate. These
two characteristics can lead to undesired interactions
between received C/A-code signals within user equip-
ment. This topic has been the subject of much prior
research.'™'°

In this paper, a simple model is derived for predicting
the impact of C/A-code self-interference on GPS receiver
functions that are dependent solely on prompt 20-ms
correlation sums (eg, carrier phase tracking and data
demodulation). The model is based upon the use of a
two-parameter autocorrelation function to characterize a
C/A-code signal either with or without navigation
data. The paper additionally provides an assessment of
the accuracy of the model in predicting C/A-code self-
interference. This assessment is accomplished through
the use of a high-fidelity GPS receiver software
simulation.

The model described in the paper is intended for
system-level interference assessments, and the paper
describes two current applications: (1) development of
interference requirements for next-generation GNSS
avionics and (2) US bilateral and multilateral radio-
frequency compatibility assessments for emerging or
evolving GNSS constellations.

The GPS C/A-code is the most widely utilized GNSS signal today. The C/A-
code design includes (1) a short (length-1023) spreading code that repeats
every 1 ms and (2) a low (50 bps) data rate. These two characteristics can lead
to undesired interactions between received C/A-code signals within user
equipment. In this paper, a simple model is derived for predicting the impact
of C/A-code self-interference on receiver performance. The accuracy of the
model in predicting C/A-code self-interference is assessed through the use of a
high-fidelity GPS receiver software simulation.

2 | RECEIVER AND SIGNAL
MODEL

Figure 1 shows a model for a correlator within a GPS
C/A-code receiver when presented with interference
from a single C/A-code signal. The interfering C/A-code
signal, s;(t — A), with Doppler frequency difference, w
(rad/s), is correlated against a C/A-code replica, s,(t). For
steady-state tracking, the correlator output is integrated
over a navigation data bit period, T}, = 20 ms.

The interfering C/A-code signal without Doppler or
time delay is modeled as

19 1022

sit)= Y dcY > cmpr, (t—[20460k + 10231+ m|T.)
I=0m=0

k=-o
(1)

where dy € {+1,-1} are the navigation data bits,
Cm € {+1,-1} are the C/A-code spreading code chips,
T. = 1/(1.023 MHz) is the spreading code chip period,
and pr.(?) is a rectangular pulse of width T., that is,

1, 0<t< T,
pr.() = { @)
0,else.

For the purposes of the model developed in this
paper, the C/A-code spreading code is treated as a
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FIGURE 1 Receiver correlator model

random periodic sequence of length-1023 chips, with
each chip value c,, independent from another. As with
the true pseudorandom C/A-code sequences, in
Equation (1), the length-1023 spreading code repeats
20 times over each 20-ms data bit interval. A single repe-
tition occurs over period T = 10237, = 1 ms, and there
are a total of 20 460 chips in one 20-ms data bit period so
T, = 20 460T,. This structure is illustrated in Figure 2.

The receiver spreading code replica is modeled simi-
larly but without navigation data:

co 1022

sat)= Y > apr (t-[1023k +[|T,). (3)

k=-0c0l=0

Although the same notation is used in Equations (1)
and (3) for the spreading code chips, importantly, the
chip values for the replica are assumed to be statistically
independent of the chip values for the interfering C/A-
code signal. The replica and interfering signals have a dif-
ferential delay of A seconds. The differential delay is typi-
cally within the range of +25 ms for GPS users on or near
the surface of Earth. Both of these signals are
cyclostationary, not wide-sense stationary (WSS), and
thus, their statistics are properly characterized using their
two-parameter autocorrelation functions. Since the
period of the cyclostationarity is 20 ms, without any loss
of generality, the model introduced in this paper will only
consider differential delays ranging from 0 to 20 ms, that
is, 0 < A < 20 ms, which is set equal to the absolute dif-
ferential delay modulo 20 ms.

Although in a real receiver both the incoming inter-
fering signal and replica would have Doppler frequencies,

—> 20ms <—

—>1ms «<—

chips | chips | chips | chips | chips | chips
1 2 3 4 5 6

4 e | 1023 [ 1023 | 1023 [1023 1023 | 1023 ey

for simplicity within this paper, the replica is assumed to
be generated with zero Doppler and the interfering signal
with differential Doppler w in rad/s or f = w/(2x) in
hertz. This frequency represents the difference in Dopp-
ler between the interfering C/A-code signal and the
desired C/A-code signal when the receiver is in
tracking mode.

3 | INTERFERENCE STATISTICS

The kth correlator output, y,, is a random variable. Its
mean value (with respect to the random chip and data bit
values) is

(k+1)T,
Ely] = E[s1(t—A)]E[sy(t)]e™dt, =0 (4)

t=kT}y

and its variance is

E(lyil’]
(k+1)Tp (k+1)Tp

=E J s1(a—A)sy(a)e™da J s1(f—A)sy(Be P dp
a=kT} B=kT,

(k+1)Tp (k+1)Ty

= || Em-ssp-sEm@s @l dads
a=kT, p=KkT,

(k+1)Ty (k+1)Ty

= J J Ri(a—A,f—A)Ry(a, Bl e P dadp.

a=kT, P=KT,

()

To proceed further, the two-parameter autocorrelation
functions of the interfering C/A-code signal and receiver
replica, R(a,f) and R,(a,f), respectively, are needed.
These are derived in Appendix A. The results are

Ry(af)= Y pr(p—1023kT.—IT), (6)
k=—
FIGURE 2 C/A-code structure

[Color figure can be viewed at
wileyonlinelibrary.com and www.ion.
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for the replica signal autocorrelation where the integer
1 is given by

I=mod(|a/T.],1023), (7)
and for the interfering signal autocorrelation

Ri(a—A,f—A)=
> pr.(B—A=[20460k +1023p + m|T.),
p=0

where the integers k and m are given by

k=[(a=A)/T; ] ©)

m=mod(|(a—A)/T.|,1023).

Figure 3 shows an example of the autocorrelation
function of the receiver C/A-code replica, Ry(a,f), for
acl0,T.). Once the first time value, a, is fixed, this
two-parameter autocorrelation function consists of
20 pulses of width T. with unity amplitude over any
20-ms correlation interval. For instance, as shown in the
figure, if a falls within the time duration of the first
repetition of the first chip in the spreading sequence,
then the autocorrelation function takes on a value of
unity for the duration of every repetition of this chip and
is 0 for all other values of 5. The same autocorrelation
function would result if a fell within any other repetition

E€DION_WiLEY | =

3.1 | Data bits aligned

The simplest scenario to evaluate is when the interfering
C/A-code signal's data bits are aligned with the desired
C/A-code signal, that is, A = 0 (see Figure 4). With
A = 0, the autocorrelation functions of both the interfer-
ing C/A-code signal (Equation (8)) and the receiver rep-
lica (Equation (6)) become identical over each correlator
integration interval. Further, since a unit amplitude pulse
train is unchanged by self-multiplication, Equation (5)
becomes

(k+1)Tp (k+1)Tp
Ellnl’] = Ri(a,p)Ry(a,f)e/" e dadp
a=kT, B=kT,
(k+1)Ty (k+1)Tp
_ J J Ro(a, p)ei™ e P da dp.
a=kT, P=kT,
(10)

As derived in Appendix B, substituting Equation (6)
into Equation (10) yields:

1 o ST )sin? (T,
EI =TT i)

(11)

If the receiver correlator shown in Figure 1 was
driven by additive white Gaussian noise with power spec-
tral density I,, rather than by an interfering C/A-code
signal, its output would have zero mean and variance:

of the first C/A-code chip, for example,
a€[13T,13 T+ T,).
ik

Ly

<
FIGURE 3 Autocorrelation function of
receiver C/A-code replica for « € [0,T.), o
B € [0,Ty) [Color figure can be viewed at T o 2

wileyonlinelibrary.com and www.ion.org|

FIGURE 4
code signals with data bits aligned [Color figure

Interfering and desired C/A-

can be viewed at wileyonlinelibrary.com and
www.ion.org]

Desired signal
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E[|yl*] =1oTs. (12)

Comparing 12 with 11, an equivalent white noise
interference density I, can be defined as the level of white
noise that causes the same correlator variance as the true
C/A-code interference. This level is

E[|yk|2] — ET Sinz(”ch) Sinz(”ﬂb) , (13)

Ty~ Ty ° (afT,)* sin’(afT)

=

for the assumed unit-power interfering C/A-code signal
and

o= pe T g ST sin (ofT,)

Ty ¢ (afT,)* sin?(afT)

£Pg-SSC, (14)

for the more general case where the interfering C/A-code
signal is set to Pz watts. The spectral separation coeffi-
cient (SSC) (see, eg, Betz and Goldstein'") is defined by
the comparison of the first and second line of
Equation (14).
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FIGURE 5 SSC for interfering C/A-code signal with data bits
aligned with desired C/A-code signal [Color figure can be viewed at
wileyonlinelibrary.com and www.ion.org]

—> 20ms <—
Interfering signal s+
Desired signal

For most users at or near the surface of Earth, the dif-
ferential Doppler between received C/A-code signals is
dominated by the motion of the GPS satellites and within
the range —10 kHz < f < 10 kHz. With this restriction on
f, the SSC can be well approximated as

T _ sin’
SSC%—-TC-% (15)

Ty ¢ sin?(afT)

This SSC approximation is plotted in units of dB/Hz
in Figure 5.

3.2 | Data bits misaligned

Consider next the case when the interfering C/A-code
signal's data bits are not aligned with the desired C/A-
code signal, that is, A # 0 (see Figure 6). In this case,

Ri(a—A,p—A)=

19
> pr,(B—A—[20460k +1023p + m|T.),a < A
p=0 (16)

19
> pr.(f—A-[1023p+m]|T.), azA
p=0

with m as defined in Equation (9).

As derived in Appendix B, if the data bit mis-
alignment is an integer multiple of 1 ms, that is, A = KT
for integer K, with 0 < K < 20, then,

sin?(zf[20—K]T])
sin?(zfT)

T _ sin*(zfT,) [sin*(zfKT)

PO gy [sin(a)

(17)

For typical differential Dopplers that are less than
10 kHz in magnitude (see earlier discussion), the SSC for
this case is well approximated as

T-T. [sin*(zfKT)
Ty | sin?(zfT)

sin®(zf[20-K]|T])

SSCx
sin?(zfT)

(18)

see FIGURE 6 Interfering and desired C/A-
code signals with data bits misaligned [Color
figure can be viewed at wileyonlinelibrary.com
and www.ion.org]
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For the more general case where A = KT + CT,
where both K and C are integers, with 0 < K < 20, and
0 < C < 1023, the SSC becomes

- C
——SSCx + —=SSC 19
SS K+102355 K+1s (19)

where SSCx is the SSC that arises when A = KT (e, the
SSC in Equation (17) for arbitrary differential Doppler or
Equation (18) for typical near-Earth user differential
Dopplers).

3.3 | Effect of small changes in data bit
alignment

The previous subsection presented an expression for SSC
that is valid when the data bit misalignment between
interfering and desired C/A-code signals is constrained to
an integer multiple of a C/A-code chip period. With this
constraint, the product of the two-parameter autocorrela-
tion functions of the desired and interfering signal
becomes a pulse train where each pulse has width of T:

Rl(a—A,ﬂ—A)Rz(a,ﬂ) =

19
> pr,(f—A—[20460k +1023p + m|T.),a < A
p=0 (20)

19
> pr.(B—A—[1023p+ m|T.), a>A
p=0

which is the same as Equation (16).

Small changes in data bit alignment on the order of a
single C/A-code spreading code chip (T. ~ 978 ns) can
significantly alter the correlator output variance. For
instance, if the interfering signal's navigation data bits
start out perfectly aligned with the victim signal's naviga-
tion data bits, the SSC shown in Equation (15) results. If
the data bit misalignment A increases from 0, then the
situation illustrated in Figure 7 arises. The product of
Ri(a — A,p — A) and Ry(a,p) is no longer a train of pulses
of width T,. For fixed a, the product of Ry(@ — A, — A)
and Ry(a,f) for 0 < A < T, is either a train of pulses of
width A or width T, — A (only the first pulse in the train
is shown in the figure). By the time that A has reached
just one-half a chip (T./2), then it is straightforward to
show (as outlined below) that the SSC will be given by
Equation (15) divided by two.

For an arbitrary A, let A, = mod(A,T,). Then, the
product of R(a — A,f — A) and R,(a,f) will consist of a
train of pulses of width A, for a fraction of A./T, values
of ¢ and pulses of width (T, — A.) for a fraction of
(T. — A.)/T. values of a. The net result, for typical

Ri(a-A,f-A)

Ry(e,fp)

Ri(a-A,-A) Ry(a, ) 1

I T T T
oA TP oa 1.7

0 a<A

FIGURE 7 Effect of data bit misalignment that is a
noninteger multiple of a C/A-code chip period

differential Dopplers, is that a factor of T, in the SSC
expressions in the previous subsection is replaced by a
factor of

(21)

Note that, per Equation (21), C/A-code self-
interference effects are maximized when the interfering
C/A-code signal's chips are perfectly aligned with the
desired C/A-code signal's chips (A. = 0). The effects are
minimized when the interfering and desired signals'
chips are perfectly staggered (A. = T./2).

Due to user-satellite motion, most interfering satel-
lites are expected to have their bit alignment with respect
to the desired signal undergo changes greater than one-
half a chip over small time intervals. For instance, with a
differential Doppler of 1 kHz, the differential bitphase
between a desired and interfering signal will change by
1000/1540 ~ 0.65 chips per second. With this rationale,
the model within this paper is implemented using an
averaging over the “fast” fluctuations in SSC that are
expected to arise due to small changes in differential
bitphase. Replacing an original factor of T. in Equa-
tion (18) with 2T,./3, which is the average of Equation (21)
over A, yields

2T T, [sin(zfKT)

sin®(zf[20—-K]|T])
3Ty | sin?(=fT) '

SSCx
sin?(zfT)

(22)

The SSC predicted from Equation (22) is shown in
Figure 8 for various values of A from 0 to 10 ms. The
SSCs for values of A > 10 ms can be inferred from the
figure since, due to symmetry, the same SSC results for
bit misalignments of 20 ms — A as for A.

As implemented, for an arbitrary A = KT + CT, + A,,
Equations (19) and (22) are utilized with a rounded value
of C. The rounded value of C is simply C itself for
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FIGURE 8 SSC versus Doppler for various bit alignment

scenarios [Color figure can be viewed at wileyonlinelibrary.com
and www.ion.org]

A.<T.2or C+ 1 for A. > T./2. If the rounded value of
Cis 1023, then C is set to 0 and K is incremented.

4 | COMPARISON WITH EARLIER
RESULTS

If the cyclostationarity of the C/A-code signal is ignored,
and this signal is instead treated as a WSS random pro-
cess, then considerable simplification results. In this case
and with differential Doppler @ = 0, as derived by
Hegarty et al,'*> Equation (5) reduces to

E[|)’k|2] =Ty ]o

T=

Ri(2)Ry(2) {1 - %} dr,  (23)

o

for a coherent integration interval of 20 ms. Using an
arbitrary coherent integration interval of T; seconds and
scaling the correlator output variance to yield an equiva-
lent white noise level yields

I(): J

In Equations (23) and (24), single-parameter autocor-
relation functions are used as appropriate for WSS ran-
dom processes. Each single-parameter autocorrelation is
related to the previously defined two-parameter autocor-
relation function by

Ri(2)Rx(7) {1 - 'Tiq dz. (24)

i

Rl(T)éE[S1<a+T)S1(a)] :Rl(a+r,a) (25)

Oftentimes, it is more convenient to work in the
frequency domain, using the power spectrum of both
desired and interfering signals. For WSS signals,
Equation (24) can alternatively be expressed as'?

) Sin2 [ﬂ(fl +f2) T]

Iy= J S1(f1)S2(f2) T 2(fy +f2)T,]zl df \df 5,

fi=-wfi=-c

(26)

where S(f) is the Fourier transform of R/(t) (for i = 1,2).
As T; is steadily increased, Equation (26) approaches*?

I(): J

)

Si1(f)S2(f)df. (27)

(s

Although the C/A-code signal is more accurately
modeled as being cyclostationary, the WSS assumption
was made in past efforts to model C/A-code self-
interference  effects. The remainder of this
section describes these earlier models in increasing order
of sophistication.

The simplest model for C/A-code self-interference is
to ignore the fact that the pseudorandom noise (PRN)
code repeats every 1023 chips and treats the PRN as an
infinitely long coin-flip sequence. Furthermore, utilizing
a time average allows the use of the simple, single-valued
autocorrelation function:

1-|z|/T,, |z| < T,
R(r)= 28
(=) { 0, else, (28)
and corresponding power spectrum
22
sin“(z
S(f)=7}———L£§Q. (29)
(7fT.)
Utilizing Equation (29) with (27) yields
2T,
Iy= 30, (30)
for a unit-power interfering C/A-code signal, or
IO = PRSSC,
2T 31
SSC:—Eﬁ, ()
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more generally for an interfering C/A-code signal with
received power of Py watts. In decibel units, the SSC in
Equation (31) is approximately —61.9 dB/Hz and is not a
function of either differential Doppler or differential
bitphase. This assumption was made in some early C/A-
code interference treatments.'*

More complicated WSS models have been
proposed’ ™ 1> 1¢ to predict C/A-code self-interference by
taking into account the true C/A-code structure with
20 repetitions of the PRN code per navigation data bit.
These references all provide SSC equations that are
equivalent in value (but not necessarily in form) to

T, 20 P
ssC=te Z (1_|m|) cos(2zfmT),  (32)
3 m=-20 20

where P = 1, 2, or 3 depending on whether the model
assumes navigation data on both the interfering signal
and receiver replica,'> '® on only the interfering signal,®
or on neither.” The P value also depends on whether the
model takes into account a finite (eg, 20 ms) coherent
correlation period (Equation (24) or (26)) or used the
long coherent period approximation (Equation (27)).
With P = 1, Equation (32) can be shown to be equal to
Equation (22) evaluated with K = 0.

Of the previously proposed WSS C/A-code interfer-
ence models, those that rely on Equation (32) with P = 2,
as in ODriscoll and Fortuny-Guasch® or Van
Dierendonck and Hegarty"> (but for the wrong reasons
within the latter), are the most accurate for general use
as will be demonstrated later within this paper. However,
as will be shown, the new cyclostationary model intro-
duced in this paper is more accurate still albeit slightly
more complicated. The increased accuracy and increased
complexity both arise due to the dependence of the pro-
posed model on knowledge of differential bitphase in
addition to differential Doppler.

It is important to note that no random model will ever
be as accurate as assessments of C/A-code self-
interference based upon use of the true deterministic
C/A-code PRNs.* However, random models are much

TABLE 1 Illustration of model utilization
PRN Received power (dBW) Transit time (ms)
1 -162.3 78.4
2 —158.8 70.1
3 -155.4 85.3
4 —-152.1 80.2
Total

E€DION_WiLEY-|

simpler to utilize in practice, which was the main motiva-
tion for this study.

5 | MODEL UTILIZATION

The model derived in this paper may be used with a sim-
ple orbit propagator to predict levels of C/A-code interfer-
ence that may arise at any time and any arbitrary
location on/near Earth. Using a satellite effective isotro-
pic radiated power (EIRP) that is a function of off-
boresight angle, the orbit propagator can provide esti-
mates of (1) received power levels, (2) received Doppler
frequencies, and (3) true range for the C/A-code signals
received from each visible satellite. These three parame-
ters are utilized along with Equations (19) and (22) to
predict the equivalent white noise interference level
presented to the user.

Table 1 shows a simple example of the computations
involved with four visible satellites. The first column is
the satellite PRN identifier. For this example, PRN 1 is
the desired satellite. The second column is the received
power level, which can be calculated using standard
methods involving the true range, EIRP in the direction
of signal propagation, and user antenna gain model."”
The transit time is simply the true range divided by the
speed of light. The Doppler frequency can be computed
using a finite time difference within the orbital
propagator.

Equations (19) and (22) are used to compute the fifth
column of Table 1. The differential frequency parameter,
f, used within Equation (22) is found by differencing the
desired signal's Doppler from each interfering signal's
Doppler. Similarly, the data bit misalignment parameter,
A, is found by differencing the desired signal's transit
time from each interfering signal's transit time. So, for
instance, the SSC for PRN 2 is found using Equation (19)
with f= —-1069.4 Hz and A = 8 T + 3077, = 8.3 ms (note
the rounding of A as discussed earlier). The total level of
equivalent white noise interference seen by the receiver
channel tracking PRN 1 is —215.9 dBW/Hz (which is
much lower than a typical receiver noise floor of around

Doppler (Hz) SSC (dB/Hz) I, (dBW/Hz)
854.2

—215.2 —60.6 —219.4

3420.1 -75.4 -230.8

—999.8 —66.6 —218.7

-215.9
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—201.5 dBW/Hz and would not be of concern for most
applications).

The model proposed in this paper has been adopted
for use by Special Committee 159 of RTCA, Inc. (formerly
the Radio Technical Commission for Aeronautics) for
their update of a report (RTCA document DO-235B)
assessing the interference environment in the 1559- to
1610-MHz band. This report update is being undertaken
to support the development of interference requirements
for next-generation GNSS avionics. The proposed model
has also been adopted for use in US bilateral and multi-
lateral radiofrequency compatibility assessment activities,
which are being conducted under the auspices of the
International Telecommunication Union. Previously,
C/A-code self-interference was underestimated using an
SSC of —60 dB/Hz by both RTCA and within US
bilateral/multilateral activities based loosely upon Equa-
tion (31) along with a recognition that C/A-code SSCs
can be worse than this value but were previously difficult
to quantify.

6 | VALIDATION

To validate the model derived in this paper, a GPS
receiver simulation tool was utilized. The GPS C/A-code
signals were emulated using the true, deterministic PRN
codes with a 4-MHz sample rate, random 50-bps naviga-
tion data, and using an orbital simulator to emulate the
satellite positions for a 36-satellite GPS constellation from
Cerruti et al.'® Thermal noise and broadband interfer-
ence were emulated as additive white Gaussian noise
with spectral density of —198 dBW/Hz. For further details
on the scenario, see Cerruti et al.'°

PRN 6 was selected as the desired satellite for a user
in Illinois over a 20-min simulation time. Over this
20-min period, up to 14 interfering C/A-code signals were
visible above the local horizon. With the receiver in a
steady-state tracking mode (e.g., with the code and car-
rier tracking loops locked), each interfering satellite's
contributions to the 20-ms correlation sums driving the
tracking loops were recorded. The results are shown in
Figure 9. Each contribution exhibited a mean value very
close to 0. Vertical biases were added to each within
Figure 9 to facilitate viewing. The colored curves in the
figure are the raw 20-ms correlation sum contributions
from each interfering signal.

Although not easily discerned in Figure 9, there are
also two other sets of curves. The first set of curves are
running estimates of +one-sigma values (using a moving
window of 400 data points = 8 s in time for the 50 Hz
correlation sums). The second set of curves are predicted
+one-sigma values using the model proposed within this

HEGARTY
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FIGURE 9 Contributions to PRN 6 20-ms correlation sums
from each interfering C/A-code signal (with vertical biases added to
facilitate viewing) [Color figure can be viewed at
wileyonlinelibrary.com and www.ion.org]

paper. The predicted +one-sigma values are found using
Equations (22) and (19) to determine an equivalent white
noise level and then Equation (12) to relate these to the
predicted variance. The predicted one-sigma is simply the
square root of the predicted variance. Excellent agree-
ment was found in all cases between the observed one-
sigma values and the predicted one-sigma values. As just
one example, Figure 10 shows an expanded view of the
PRN 16 result from Figure 9 (as noted earlier, an artificial
vertical bias was added to facilitate viewing).

The interfering signals' contributions to the correla-
tion sums were observed to exhibit a dependence on both
differential Doppler and differential bitphase. This
dependence is illustrated in Figure 11, which plots SSC
estimates that were formed by scaling the running one-
sigma estimates for each interfering signal over the
20-min simulation time. The appropriate scaling is found
combining Equations (12) and (14):

SSC = B[yl . (33)
Pg

In Figure 11, the horizontal axis is differential Dopp-
ler modulo 1 kHz. Excellent agreement is found between
these observed results and those predicted in Figure 8.
Earlier proposed WSS C/A-code interference models are
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FIGURE 10 PRN 6 correlation sum contribution from PRN
16 (gray = raw correlation sum contributions, black = running
+one-sigma estimate over 8 s, and white = +predicted one-sigma)
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FIGURE 11 SSC versus differential Doppler and data bit
misalignment as observed from simulation [Color figure can be
viewed at wileyonlinelibrary.com and www.ion.org]|

far less accurate primarily because they predict equiva-
lent white noise levels that are not a function of differen-
tial bitphase. Equation (32) with P = 2 provides the best
match of any previously proposed WSS model to the
observed simulation results if they are averaged over dif-
ferential bitphase, but the prediction accuracy using
Equations (19) and (22) as proposed within this paper is
far superior.

Figure 12 illustrates the accuracy of the model in
predicting the overall PRN 6 correlation sum statistics
over the 20-min simulation time. The figure shows the
overall thermal noise plus interference level (N, + Ij)
experienced by the receiver in tracking PRN 6 as inferred
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FIGURE 12 Predicted versus observed N, + I, for C/A-code
interference simulation [Color figure can be viewed at
wileyonlinelibrary.com and www.ion.org]

from the simulation results using Equation (12) and as
predicted by the model proposed in this paper using
Equations (19) and (22).

Additional validation is ongoing within RTCA's
Special Committee 159. Thus far, the model has been
found to be far more accurate than previous models in
predicting C/A-code self-interference.

7 | SUMMARY

This paper has proposed a simple model for predicting
the impact of C/A-code self-interference on GPS receiver
functions that are dependent solely on prompt
20-mscorrelation sums (e.g., carrier phase tracking and
data demodulation). The model treats the C/A-code
signal as a cyclostationary random process and is more
accurate albeit slightly more complex than previously
proposed models, which treat the C/A-code signal as a
WSS random process. The increased accuracy and
increased complexity both arise due to the dependence of
the proposed model on differential bitphase in addition
to differential Doppler.

The accuracy assessments in this paper focused on
the ability of the model to predict the level of white noise
that when injected into the victim receiver would
produce the same second-order statistics (mean and
variance) of a GPS receiver's 20-ms correlation sums as
the C/A-code self-interference. Importantly, this paper
did not directly assess the performance of the receiver's
tracking loops in the presence of the C/A-code self-
interference versus in the presence of this equivalent
level of white noise. This topic is outside the scope of this
paper, and the interested reader is referred to Golshan
etal.'®
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APPENDIX A: AUTOCORRELATION FUNCTION
DERIVATIONS

This appendix derives the autocorrelation functions of
both the interfering C/A-code signal and the receiver
C/A-code replica.

A.l. | Interfering signal autocorrelation

The two-parameter autocorrelation function, Ry(a.f), is
defined by

R (a, )2 Els1(a)s1(B)]- (A1)

Substituting Equation (1) into Equation (A1) yields

19 1022

B> A D cnbr(

k=—-o0

—[20460k + 10231+ m]T,) x

19 1022

> d 2D cabr(p

n=-oco p=0gq=
0 19 19 1022 1022

DIDIDH Y >_Eldi|Elencq] x

k=-ocon=-c0|=0p=0m=0g=

—[20460n +1023p + qT.)

pr.(a—[20460k + 10231+ m|T.) X

pr.(f—[20460n + 1023p + q|T.)

= 19 19 1022 1022

-y > 2D DD ddng X

k=-con=-c0l=0p=0m=0q=

pr,(@—[20460k + 10231 + m]|T,) x

pr.(f—[20460n + 1023p + q|T,)

= 19 19 1022

=2 2.2 > e

k=-00l=0p=0m=
pr.(f—[20460k +1023p + m|T.)

—ZPT

—[20460k + 10231+ m|T,) x

—[20460k +1023p + m]T.),

(A2)

where, in the last line, the integers k and m are restricted
to their unique values such that

0 <a—[20460k + 10231+ m|T, < Tk, (A3)

or equivalently,

k=la/Ts]|,
m=mod(|a/T.|,1023).

E€DION_WiLEY | *

The fact that there are unique values for the integers
k and m follows directly from Euclid's division lemma
(see, e.g., Andrews'?). Note that the values of k and m are
independent of the value of L.

A.2. | Receiver replica autocorrelation

Substituting Equation (3) into Equation (A1) yields

co 1022

k_z_: Z apr, (@
Z cnpr. (B

con=0

Ry(a, ) = —[1023k + ] T.) x

—[1023m + n|T,)

M8 oy

pr.(a—[1023k + | T) X

pr,(f—[1023m + n|T)
c 10221022

-y 2D o

k=—-ocom=—-c0[=0n=

pr.(a—[1023k + | T) x

pr.(f—[1023m + n|T,)
o 1022

DD IP YT

k=—-com=—-c0[=0

pr.(f—[1023m + | T,)

o0

= Y pr(p-[1023m+1T,),

m=—-oo

—[1023k + | T.) x

(A5)
where

I=mod(|a/T,],1023).

APPENDIX B: CORRELATOR OUTPUT
VARIANCE DERIVATIONS

This appendix derives correlator output variance using
Equations (5), (6), and (8) for various scenarios.

B.1. | Data bits aligned

Substituting Equation (6) into Equation (10) yields
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(k+ DTy (k+1)Ty
| ] Xw
a=kTy p=kr, K=~

T,)e™ e~ do dp

E[y’] = (B—1023kT,~1

(k+1)Tp (k+1)Tp
= J o J Z pr,(B—1023kT ~IT.)e Pdp da.
a=kT, p=kr, K="

(B1)

The inner integration is the Fourier transform (FT) of
a pulse train. Using

=T, SINAFTe) - jasr,. (B2)

FIpr. (P} =Ty

and the time-shift property of the FT, Equation (B1) can
be rewritten as

fT (k+1)Tp

SlIlJT —ir —iw jo(a—IT,

) =7 ey et [ e
a=kTy

(B3)

The summation that appears in Equation (B3) can be
expressed as

19 —jw20T
_jokr _ 1—€™
E:e = ejokT
k=0 1=em (B4)
l_e—j(uTb
= 1_e—jmT :

Substituting Equation (7), and focusing on the zeroth
correlation sum (with no loss of generality), the integral
on the right-hand side of Equation (B3) can be progressed
as

Tp
e/'m(a—ch) da= e]m a—

0 a=0

T
_2 :e}ml J e}ma a/Tc| TC da

la/Tc] 1023a/TJ]Tc) da (BS)

| —

c

T
19
:1023Ze"‘”’T J & da
=0
a=0

sin(zfT,)
=1023T, A Y
TR

The progression from the second to the third line of
B5 is obtained by dividing the integral of & over 1023 sub-
intervals of width T, and noting that the integrals of each
subinterval are equal (since the argument of the integral
is periodic with period T.). Equation (B5) also relies in
several instances on the identity for the floor operator
that |x+r| = |x]+r for real x and integer r.

Substituting Equations (B4) and (B5) into (B3) yields

2 Sinz (ﬂ'fTE) 1-— e’j‘UTb 1— eia)Tb
E[‘yk| } ZTTc (7[ch)2 (1_e—ja)T> (1_eij> (B6)
T sin?(zfT,) sin®(zfT,) .
¢ (afr,)? sin’(xfT)

B.2. | Data bits misaligned by an integer multiple
of a C/A-code chip period

Substituting Equation (20) into Equation (5) and focusing
on the zeroth correlation sum (with no loss of generality)
yields

ATy
E[yf’] = > pr.(B—A-pT +Ty—mT,)e""e ™" dadp
az0p=0P=0
T T g
+ J > pr.(f-A—-pT—mT.)e" e dadp.
a=ap=oP=0

(B7)

To proceed further, it is useful to define the following
disjoint sets:

={a:0<a<A,mod(a,T,) <CT.},
Ay={a:0<a<A,mod(a,T.)>CT,},
As={a:A<a<Tp,mod(a,T.) <CT.},
Ay={a:A<a<Tpmod(a,T;)>CT.}.

(B8)

Then,
LT ) )
E[y|] = > pr.(B—A-pT+Ty—mTe)e" e dadp
acA p=oP=197K
g9 _ )
+ J > pr.(B—A-pT+Ty—mTe)e™ e dadp
acA, p=oP=20-K
T 15k ) )
+ J j ZpTC(/}—A—pT—mTc)e’“"’e’f“’/’dadﬂ
acAsp=0 P=0

T 19_k _ .
+ J J > pr.(B—A-pT—mT.)e" e dadp.

acAp=0P=0

(B9)
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The integrals with respect to f are simple FTs. Taking Substituting Equation (9) and considerable algebra
these FTs yields results in

sin(zfT.) _, T.*sin?(zfT.)
E(lnl’] = To—— e e B[] = 222 r1023—C
=Ty )=y gy 100237€)
) _ sin?(zfKT) + sin®(zf[20— K] T)
% J o Z e—jw(A +pT—Tp +'”T">da sinz( ﬂfT)
ata, PEPK ic [Sinz(ﬂf[K +1]T) +sin?(zf[19- K] T)} }
.2 .
+ eloa i e~Jo(A+pT=Ty+mTo) 4, sin”( zfT)
acA, p=20-K (B11)
18—-K ( :
+ eja)a —jo(A+pT +mT, d
J pZ:O ¢ “ If C = 0, then Equation (B11) reduces to
acAs
19-K o T sin*(afT,) _ [sin®(zfKT) +sin*(zf[20—K]T)
—jo P E =—T X -
+ Zoe Ji (A+pT+mT)da ) Uyk| ] T, c (”ch)z Slnz(ﬂ'fT)
aEA, p= (Blz)

(B10)
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