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Abstract
This study proposes a dedicated closed-form solution and satellite phasing rules 
for designing a geosynchronous orbit (GSO) constellation. Trajectories of GSO 
satellites have a characteristic figure-eight shape because their rotation speed is 
the same as that of the Earth. The GSO has the advantage of providing good cov-
erage performance for local areas. Recently, several countries have begun devel-
oping local navigation systems based on the GSO. Various GSO constellation 
designs are available for an effective regional navigation performance analysis; 
however, no dedicated GSO constellation solution exists. This study provides a 
solution for such constellations and proves its practicability through a compara-
tive analysis and evaluation of the geometric dilution-of-precision performance 
for several cases.
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1  INTRODUCTION

Global navigation satellite systems (GNSSs) provide three-dimensional position 
and time synchronization information through distance measurements using sat-
ellite positions and radio waves received from a constellation of satellites in the 
Earth’s orbit. Examples of GNSS technology include the United States’ Global 
Positioning System (GPS), the Global Orbiting Navigation System (GLONASS) 
in Russia, Galileo in Europe, and the BeiDou Navigation Satellite System (BDS) 
in China.

The United States’ GPS requires a minimum of 24 satellites, with 4 satellites per 
orbital plane in 6 medium Earth orbit (MEO) orbital planes. In total, 31 of the 
35 satellites are functional (Kim, 2019). There are three generations of GPS satel-
lites in operation, with 29 second-generation and 2 third-generation satellites cur-
rently in operation. The GPS continues to be modernized and developed, with new 
technologies and functions added for improved performance. GLONASS, Russia’s 
satellite-based radio navigation system, was equipped with 24 satellites in 2014. 
As of September 2020, a constellation of 27 satellites (all in MEO) is in operation, 
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of which 23 are in normal operation, 1 is a backup, 1 is a test satellite, and 2 are 
in maintenance (Karutin, 2020). Although the modernization of GLONASS took 
approximately 20 years longer than that of the GPS, efforts to improve its perfor-
mance have produced significant results. The development and construction of the 
European Galileo system began in 1999 as an independent GNSS that provides a 
variety of services for civilian use, unlike the GPS, which was developed for mil-
itary use (Bandemer et al., 2006). The satellite constellation is in MEO, with an 
inclination angle of 56°. Overall, 28 satellites have been launched to date, of which 
24 are operational, 2 are defunct, and 2 are unserviceable. China initially started its 
global satellite navigation program with BeiDou-1, a regional navigation system. 
In the intermediate stage, the country launched 35 satellites, which follow a com-
bination of geostationary orbit (GEO) and MEO trajectories, and achieved its full 
operational capability with the BDS. The BDS consists of 3 GEO, 3 geosynchronous 
orbit (GSO), and 24 MEO satellites and provides various services in addition to 
satellite navigation services (Shen, 2020).

The four GNSSs described above independently provide location, speed, and 
time services globally, which enable the provision of global satellite navigation ser-
vices by combining an MEO satellite constellation with the regional coverage char-
acteristics of the GEO and GSO. GNSSs are primarily being developed in advanced 
spacefaring nations. These countries are accelerating the development and oper-
ation of their own satellite navigation systems in cases of emergency or for sup-
plementing the GPS. Examples include the Navigation with Indian Constellation 
(NavIC) in India, the Quasi-Zenith Satellite System (QZSS) in Japan, and the 
Korean Positioning System (KPS) in South Korea.

India’s NavIC is a regional satellite navigation system developed to break away 
from dependence on the United States’ GPS. NavIC consists of seven satellites, 
including three GEO and four GSO satellites. Currently, NavIC plans to launch 
four additional satellites to expand its service coverage and provide precision and 
continuity with at least six satellites (Mukesh et al., 2020; Noer et al., 2020). Japan’s 
QZSS is a system built to supplement the GPS. The QZSS consists of seven sat-
ellites, including three GEO and four GSO satellites (Ye et al., 2020; JAXA QZSS 
Project Team, 2009). Finally, the KPS is a system being planned in South Korea 
that will provide satellite navigation and various services to the East Asian region, 
including the Korean Peninsula. The satellite constellation will consist of three 
GEO and five GSO satellites (Shin et al., 2019).

The NavIC, QZSS, and KPS are regional satellite navigation systems that 
seek to achieve local full-coverage performance by combining the GEO and 
figure-eight-shaped GSO, with the trajectories fixed above the respective coun-
try. This study focuses solely on the GSO. The performance index of a regional 
satellite navigation system is an important factor for the constellation geometry 
of a GSO satellite group, as it can be used to improve the re-visit period and loca-
tion accuracy. In general, the geometric dilution of precision (GDOP) is typically 
used to evaluate this performance index. The key issues for improving GDOP 
performance are visibility and coverage between satellites and ground targets, 
which have recently been studied in depth through a two-dimensional cover-
age analysis method with consideration of various constraints (Bai et al., 2024; 
Gu et al., 2024). Additionally, to evaluate the GDOP performance of a satellite 
group, a simple analytical solution is required to first design and compare var-
ious GSO constellation types. However, the literature does not provide a dedi-
cated analytical solution that can be used to design and evaluate various GSO 
constellation structures.
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This study makes three academic contributions. First, it provides a dedicated 
analysis tool consisting of phasing rules and a closed-form solution for designing 
various GSO satellite constellations. Second, this work compares and evaluates 
the performance of identical/non-identical patterns, equally/non-equally spaced 
placements, and circular/noncircular patterns for a GSO constellation. Third, the 
resulting solution serves as a tool for mission engineers to evaluate various GSO 
patterns, effectively design space missions, and improve regional GNSS perfor-
mance by analyzing the geometric deployment characteristics. The remainder of 
this paper is organized as follows. Section 2 obtains a dedicated GSO solution from 
a mathematical model that describes the relative motion of two objects. Section 3 
presents the phasing rule, where satellite constellations have the same ground 
track. Section  4 explains the GDOP, which is applied for evaluating the perfor-
mance of the simulation results in Section 5.

2  MATHEMATICAL MODELING

In this section, we derive a dedicated analytical solution for GSO designs in an 
Earth-centered, Earth-fixed (ECEF) coordinate system. Lee and Hall presented a 
comprehensive solution for the relative motion of satellites through parametric 
constellations (PCs) (Lee & Hall, 2021). As depicted in Figure 1, the relative motions 
are designed as hypocycloids, epicycloids, or their transformed parametric curves 
based on the correlation between the deferent circle and epicycle. Hypocycloid 
curves were drawn with the epicycle rolling inside the deferent circles, and epicy-
cloid curves were drawn with the epicycle circle rolling outside.

We define a notation to describe the equations of motion for the relative motion 
of the satellites. In this study, “c” indicates the chief satellite, “d” denotes the dep-
uty satellite, and the six orbital elements representing their motion are denoted by 
the general notations [a, e, i, Ω, ω, M0]. The true anomaly, which is a function of 

FIGURE 1 Hypocycloid and epicycloid curves by deferent circle and epicycle
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time, is denoted by v, and the orbital radius is denoted by r. The PC theory does not 
consider perturbations, and the coordinate system represents the relative positions 
x, y, z of the deputy satellite with respect to the rotating reference frame of the chief 
satellite using the following generalized equations of motion:

	 x
r
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	 z r sin i sind R d z� �� �� � � (1c)

where the terms of the angular frequency Δθ−, Δθ+ and the phase angles  
� �xy xy

� �,� ,�  ψ z, as well as φc and φd, are given as follows:
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Here, iR is the relative inclination between two satellites:

	 cos i cos i cos i sin i sin i cosR c d c d� � �� � (4)

The relative ascending node ΔΩ is defined as follows:

	 � � �� � �d c � (5)

The purpose of this study was to obtain a closed-form solution for designing 
a GSO from the equations of relative motion described above. The resulting 
solution represents the relative position of the GSO satellite with respect to a 
coordinate system in the International Terrestrial Reference Frame (ITRF). For 
this purpose, the parameters in Equations (2)–(4) were simplified as shown 
in Table 1.
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The angular frequency terms in Table 1 vary as functions of the true anomaly of 
the satellite orbit and the rotational velocity of the Earth. The nodal drift Ω  is as 
follows (Kuiack & Ulrich, 2018):

	 � � �
3
2 2

2

2
J n

R
p

cos ie � (6)

where Re is the Earth’s radius, J2 is the oblateness perturbation, n is the mean 
motion of the satellite orbit, and p = a(1 − e2). The phase angle terms � �xy xy

� �,  
are also simplified as functions of ω and Ω of the satellite orbit. Consequently, by 
substituting the simplified parameters listed in Table 1 in Equation (1), we obtain 
a closed-form solution for computing the coordinates in the ITRF, a non-inertial 
frame of reference with its origin at the Earth’s center of mass:
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As shown in Equation (7), the phase angle terms of the orbit are determined 
solely by ω and Ω, which will play important roles in the design of the GSO con-
stellation in the next section. Moreover, Equation (7) is generally used to design the 
orbits of satellites rotating around Earth. To design the trajectory of the target GSO 
satellite, only the semi-major axis of the GSO (42,164.17 km) must be considered 
(Sjoberg et al., 2017).

Figure 2 depicts the orbit of a satellite near the GSO. Figure 2(a) shows the 
trajectory for a semi-major axis of 41,000 km and an inclination angle of 30°, 
where the values of the other orbital elements are all zero. The trajectory of the 
satellite follows a hypocycloid motion, and a loop is formed as it traces outward. 
In Figure 2(b), with a semi-major axis of 43,000 km, a loop forming inward can 
be observed, along with an epicycloid motion. In general, the loops are caused 
by the dynamics of the relative motion between Earth and the satellite, and the 
shape and number of loops are determined by the rotation rate between the two 
objects. Additionally, the trajectory featured in Figure 2 has a shape that differs 
from a figure-eight, owing to the difference in rotation rates between Earth and 

TABLE 1
Parameters for GSO

Full equation of motion For GSO

Δθ−, Δθ+ � �∓ �( )� �� t
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the satellite. This result indicates that if the rotation rates of the two objects are 
the same, the trajectory has a figure-eight shape and has characteristics identical 
to those of the GSO trajectory.

3  SATELLITE PHASING RULE AND CLOSED-FORM 
SOLUTIONS

In this section, we aim to derive a satellite phasing rule for designing a GSO con-
stellation with the purpose of having identical and non-identical constellation pat-
terns. First, the identical constellation pattern design, in which all satellites in the 
constellation have the same ground track, is considered only for Ω and M0 among 
the six orbital elements. For GSO satellites, the rotation rates of the Earth and the 
satellite are the same. This characteristic establishes the following relationship 
between Ω, the initial position of the Earth’s rotation, and M0, the initial position 
of the satellite’s rotation, for maintaining the same ground track:

	 M0 � ���� � (8)

Therefore, the phasing rule for the same ground track of k GSO satellites can be 
arranged as follows:

	 � � �k k
k k N� � �� � �1 1 1 2 3� � , , ,�  � (9)

with:

	 � , , ,M M k Nk k0 10 1 2 3� � ��  � (10)

where ��k
 is an interval of ascending node spacing.

For a GSO satellite constellation, which consists of the elliptical orbit from 
Equation (10), the argument of perigee, ω, for satellites with the same eccentricity 
is added to Mk0. The resulting phasing rule is as follows:

	 � � �k k
k k N� � �� � �1 1 1 2 3� , , ,  � (11a)

	 M M k Nk k0 10 1 2 3� � �� � �� � , , ,  � (11b)

FIGURE 2 Hypocycloid and epicycloid motions near the GSO (a) Hypocycloid motion near 
GSO (b) Epicycloid motion near GSO
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Next, a non-identical constellation pattern for GSO satellites is made possible by 
adding Δ from the desired ground track interval and the initial mean anomaly. 
Thus, the phasing rule is given by the following:

	 M M k Nk k0 10 1 2 3� � �� � � � �� � , , ,  � (12)

It is well known that the trajectory of a GSO satellite with an inclination has 
a figure-eight shape. Therefore, Equation (12) can place figure-eight shapes in 
non-identical patterns on the longitude in intervals of Δ on the Earth’s surface.

As a result, by substituting the phasing rule from Equation (11) into Equation (7), 
we obtain the following closed-form solution for which Ns satellites have the same 
GSO pattern:
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	 z r sin i sink k� �� �� � � (13c)

where k = 1, 2, 3, …, Ns and the effect of the short-term perturbation by J2 on 
the GSO is assumed to be small and is thus ignored. The closed-form solution in 
Equation (13) can directly describe the ground tracks of Ns satellites on the Earth’s 
surface; in particular, it is observed that the three orbital elements Ω, M0, and w 
play an important role in defining the GSO constellation configuration.

By evaluating the effect on the GSO ground track for each orbital element in 
Equation (13), it can be seen that the change in the shape of the GSO ground 
track is determined only by w, the phase value of the z axis. Figure 3(a) shows the 
change in ground tracks as a function of w values from 0° to 30° for seven GSO 
satellites with the same orbital elements. This change affects the relative dynam-
ics between the ground station on the Earth’s surface and the satellite, which is 
closely related to the performance (GDOP, navigation errors, etc.) of the satellite 

FIGURE 3 Change in GSO constellation according to w and Ω values (a) Change in GSO 
ground track shape (b) Equally spaced (circles) and non-equally spaced (squares) placement
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constellation. The next critical orbital element is Ω, which controls the satellite 
spacing of the GSO satellite constellation. In the case of GDOP, which generally 
measures GNSS performance, good results are obtained with equally spaced sat-
ellite placement. However, the performance of the satellite constellation varies 
depending on the location of the ground station and the spacing between sat-
ellites. Figure 3(b) shows equally spaced and non-equally spaced deployments 
for four satellites with i = 30° and w = 45°, and the GDOP performance of the 
two satellite constellations is shown in Table 2. In some cases, the GDOP per-
formance of the four satellites is better in non-equally spaced placements than 
in equally spaced placements for a specific ground station, as shown in Table 2. 
This result emphasizes that there are various GSO satellite constellation design 
cases, that evenly spaced constellations do not always have better performance 
than non-equally spaced constellations, and that better satellite constellation 
geometries can be found through simulations with the proposed solution. Thus 
far, no dedicated solution related to GSO satellite constellation design has been 
presented in the literature; accordingly, Equations (11)–(13) have academic nov-
elty, providing a means to easily analyze various constellation designs and ver-
ify overall GDOP performance by simply substituting orbital elements into the 
closed-form solution.

4  GDOP PERFORMANCE

This section examines the theoretical background for evaluating the perfor-
mance of various GSO satellite constellations via the GDOP and the algorithm 
for applying the closed-form solution. The purpose of satellite navigation is to 
provide users with the time and actual position. However, the expected location 
and time differ from the user’s actual position and time owing to various factors, 
including atmospheric errors and the geometry between the receiver and satel-
lite. Navigation system errors can be broadly classified into two types. The first 
type is the statistical user equivalent range error (UERE) that occurs during the 
distance measurement process. The second error type is the GDOP error caused 
by the geometric arrangement of the navigation satellites. The GDOP reduces 
the accuracy of the time and position calculated at the receiver end. In contrast, 
the UERE includes errors due to satellites, receiver clock biases, atmospheric 
propagation, and multipaths. Here, errors caused by the geometric characteris-
tics of the satellite receiver can be minimized by maintaining a good geometric 
arrangement between the satellite and the user (Sharp et al., 2009; Langley, 1999; 
El-Hakim, 2023).

The GDOP can be used to determine how to deploy satellites to provide 
accurate positioning and time services to users. Figure 4 shows a flowchart 

TABLE 2
Comparison of GDOP Performance for Equally Spaced and Non-Equally Spaced Constellations

•	 a = 42164.17 km, e = 0.1, i = 30°, ω = 45°
•	 Ground station: latitude = 10°, longitude = 27°

Mean GDOP

Equally spaced (°)
•	 Ωk = 0, 90, 180, 270
•	 Mk0 = 315, 225, 135, 45

67.938

Non-equally spaced (°)
•	 Ωk = 47.6, 165.9, 274.0, 317.3
•	 Mk0 = 236.3, 160.8, 58, 6.6

55.966



    LEE

for obtaining the GDOP performance for various constellation configurations 
by applying the closed-form solution proposed in this study. First, the orbital 
elements of the first satellite are set and the total number of satellites (Ns) is 
determined. The GDOP performance for a specific ground station is calculated 
based on considerations such as the location of the ground station and the 
spacing ��k� �  between satellites. Under the same orbital element conditions, 

the closed-form solution simply calculates the position of each satellite distrib-
uted by the phasing rule of Ωk and Mk0 while minimizing the computational 
load. Here, we examine the steps for calculating the GDOP and obtain the unit 
vector for the position vector between the satellite and desired receiver using 
Equation (13):

	
x x y y z zk
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k

k

k
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�
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, , � (14)

where:

	 �k k k kx x y y z z� �� � � �� � � �� �2 2 2 � (15)

FIGURE 4 Implementation of the GDOP performance algorithm for assessing a satellite 
constellation via the application of a closed-form solution
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In Equation (15), x, y, and z are the ECEF coordinates of the user receiver, and xk, 
yk, and zk are the ECEF coordinates of the k-th satellite. Matrix A for the pseudor-
ange measurement residual equations is formulated as follows:
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If the element in the fourth column of matrix A is –1, the time dilution of preci-
sion (TDOP) is calculated appropriately. Based on matrix A, the covariance matrix 
Q can be obtained, which is used to determine the GDOP, position dilution of pre-
cision (PDOP), and TDOP as follows:

	 Q A AT� � ��1
� (17)

and:
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PDOP, TDOP, and GDOP are given as follows:

	 PDOP x y z� � �� � �2 2 2 � (19)

	 TDOP t� � 2 � (20)

	 GDOP tr Q= � (21)

The GDOP represents the comprehensive uncertainty of time and position due to 
the satellite constellation geometry and is used to determine the performance index 
of the space segment design of the satellite system. If the GDOP value is small, the 
uncertainty of the user’s position is also small. The GDOP value changes as the sat-
ellite position changes with respect to the ground location. Therefore, the overall 
mean value of the GDOP can be used as a measure of constellation performance.

5  SIMULATION RESULTS

In the previous section, a closed-form solution and satellite phasing rules for 
designing a ground track and satellite constellation were proposed based on the 
geometric principles of Ptolemaic deferent–epicycle and spring–mass systems. In 
this section, the point and regional coverage obtained for different GDOP values 
are evaluated to analyze the performance of GSO constellations.
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5.1  Point Coverage

We analyzed the performance of two satellite constellation patterns using the 
analytical solution and phasing rules presented above. A performance analysis 
was performed by comparing the GDOP values. The GSO constellations were 
designed such that seven satellites (k = 7) have identical ground tracks, according 
to Equation (13). Table 3 lists the specifications of the two types of GSO constella-
tions, which have different eccentricities/arguments of perigee. The spacing of the 
ascending nodes is 51.4°.

As shown in Figure 5, the GSO I constellation has seven satellites evenly dis-
tributed in a circular orbit and a symmetrical structure with a ground station 
on the equator. The GDOP values present sinusoidal curve characteristics. The 
GSO II constellation shown in Figure 6 has an eccentricity of 0.1 and an argu-
ment of perigee of 90°. Therefore, the figure-eight-shaped crossing point descends 
toward the south. The distribution of GDOP values exhibits an irregular curve for 
the equatorial ground station. However, the mean GDOP values of the two GSO 
constellations were 2–4 for a ground station located at the equator, indicating 
excellent performance.

5.2  Regional Coverage

This section compares the performance of regional GDOP values as the ground 
station location is varied, aiming to analyze the local coverage for various GSO 
constellation patterns. The GSO constellation patterns are divided into identical 
patterns, in which all satellites have the same ground track, and non-identical 
patterns, in which the satellites have different ground tracks. In this study, for 

TABLE 3
Specifications for Two Types of GSO Constellations

a e i ω Ωk

GSO I
GSO II

42164.17km
42164.17km

0.0
0.1

60°
60°

0°
90° ��k

� �51 4.

FIGURE 5 Constellation and GDOP performance for a circular GSO (a) Circular GSO I 
pattern (b) Time vs. GDOP values
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convenience, the number of satellites in an identical pattern is denoted as σi, and 
the number of satellites in a non-identical pattern is denoted as σn. For the regional 
coverage analysis, we determined the GDOP value while constantly changing the 
ground station latitude based on the longitude of the GSO crossing point.

Two types of GSO constellations with seven satellites were compared and ana-
lyzed for the case of σi = 7/σn = 0, which consists of only identical patterns, and 
σi = 3 × 2/σn = 1, which consists of two patterns combined. Table 4 presents the 
specifications of the satellite constellations used for the comparative analysis.

Figure 7 presents the results for case I, as described in Table 4, with an iden-
tical circular GSO constellation. The circularly identical GSO pattern shown in 
Figure 7(a) implies that the GDOP values of the symmetrically distributed ground 
stations are symmetric about the equator. The best GDOP value is observed for 
the location at the equator; as the distance from the equator increases, the GDOP 
performance becomes worse. Figure 7(b) illustrates three GSO patterns, with the 
figure-eight in the middle being the trajectory of one satellite and the figure-eights 
on both sides consisting of three satellites. Compared with the results shown in 
Figure 7(a), the GDOP performance is improved at the Equator, but the overall 
deviation from the ground station is notably large. This result indicates that, in the 
case of a circular GSO, maintaining an identical constellation pattern for all satel-
lites helps improve the GDOP performance.

Figure 8 presents the results for case II, as described in Table 4, with a 
non-identical GSO constellation. For the non-identical pattern in Figure 8(a), the 
crossing point of the figure-eight moves to the southern hemisphere owing to the 
eccentricity and the argument of perigee. The variation in GDOP values is mark-
edly large, especially in the northern hemisphere, where there are no crossing 
points, and the GDOP performance is very poor. Figure 8(b) displays a constel-
lation with combined patterns of a GSO in an elliptic orbit. Although the GDOP 

TABLE 4
Specifications for Two Types of GSO Constellations

a e i ω Ωk Mk0

Case I
Case II

42164.17 km
42164.17 km

0.0
0.1

60°
60°

0°
90° ��k

� �51 4.
� � �0
� � � �20

FIGURE 6 Constellation and GDOP performance for a noncircular GSO (a) Noncircular 
GSO II pattern (b) Time vs. GDOP values
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performance is marginally better than that shown in Figure 8(a), it is still worse 
than that of the circular pattern. The QZSS and KPS are representative examples 
that leverage a noncircular orbit pattern. For the constellation patterns of these 
navigation satellite systems, engineers can improve the performance of the GDOP 
by moving the crossing point of the elliptical orbit toward the region of each 
respective country in the northern hemisphere.

Figure 9 presents the results from Figures 7 and 8 according to the latitude of the 
ground station. Overall, for latitudes from –30° to 30°, the GDOP value remains at 
4 or less, showing excellent performance. For all constellation patterns, the ground 
station at the equator exhibits the best GDOP performance. In summary, the iden-
tical circular pattern is stable and exhibits the best performance in regional areas 
compared with other patterns. Even for circular orbits, the GDOP performance 
gap between the northern and southern hemispheres widens as it shifts toward a 
non-identical pattern. In addition, the elliptical orbit pattern moves the crossing 
point of the figure-eight to the southern or northern hemisphere, depending on 
the value of the argument of perigee, which causes the GDOP performance to be 
biased toward one region.

FIGURE 7 Regional GDOP distribution for a circular pattern (a) Only circular orbit pattern 
(b) Combined circular orbit pattern

FIGURE 8 Constellation and GDOP performance for a noncircular GSO (a) Only elliptical 
orbit pattern (b) Combined elliptical orbit pattern
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6  CONCLUSIONS

The dedicated tool proposed in this study worked effectively and obtained mean-
ingful results for analyzing and evaluating the GDOP performance of point and 
regional coverage of various GSO satellite constellations. Specifically, the point 
coverage was used to compare the GDOP performance of circular and noncircular 
GSO patterns for seven evenly distributed satellites. Here, the GDOP performance 
exhibited average GDOP values of 2–4 for ground stations located at the equator, 
irrespective of the GSO constellation. To evaluate the regional coverage perfor-
mance, the regional GDOP distribution was analyzed for various GSO patterns. 
The ground station located on the equator displayed the best GDOP performance. 
Moreover, for a satellite group with a given number of satellites, the ideal constel-
lation pattern showed better performance than that with multiple ground track 
patterns. Additionally, the crossing point location on the figure-eight trajectory 
contributes to the improved GDOP performance. The ideal crossing point location 
should correspond to a ground station location at any point on the equator.
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