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Abstract

This paper develops a navigation accuracy metric for magnetic navigation
when adapted to civil aviation. Metrics that are currently used may not directly
apply to magnetic navigation because the assumptions behind these metrics
are based on the statistics of more conventional navigation modalities where
the uncertainty distribution in the horizontal plane is typically radially sym-
metric. Magnetic navigation challenges these assumptions. New standard devi-
ation limits based on the probability of exceedance of radial error are derived.
Use is made of quadratic forms over random variables, specifically the Hoyt
distribution and its associated probability density function and cumulative
density function. Although the density functions lack closed-form solutions,
new approximations for this distribution are utilized in order to make rapid
computation possible, enabling their use for navigation purposes. When used
in conjunction with robust numerical methods, the new approach accurately
calculates the bounds on error distributions that would meet the requirements

associated with Performance Based Navigation.
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1 | INTRODUCTION

Magnetic Navigation (MagNav) is a rising form of alternative navigation which
uses a map of Earth’s crustal magnetic field over a given area of interest and compares
the mapped value at an initial estimate of the position to the measured output of a
quantum magnetometer in order to update the estimate.

Earth’s crustal magnetic field (or anomaly field) results from permanent or
induced magnetization in the crust. It has a magnitude of approximately 100 nT, with
spatial variation of up to 200 nT at an altitude of approximately 1 km (Gnadt, 2022a).
While the crustal field is much smaller in magnitude than the Earth’s core field
(approximately 50,000 nT), its spatial variability and relative temporal stability
(approximately 1 nT per year) make it suitable for navigation using sensitive
magnetic scalar and vector sensors. Canciani and Raquet (2016) provide an extensive
background and history of the MagNav problem and show that a navigation accuracy
of up to 13 m can be achieved using a marginalized particle filter, high-
quality magnetic anomaly map, and low flight altitudes. Historically, MagNav has
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been developed for defense applications (Canciani, 2022), but there is growing
interest in using it for civil aviation to protect against jamming and spoofing of
global navigation satellite systems (GNSS).

For civil aviation applications, navigation accuracy requirements are outlined
by the Area Navigation (RNAV) and Required Navigation Performance (RNP)
specifications, which are part of the Performance-Based Navigation (PBN) frame-
work (Federal Aviation Administration, 2024). Specifically, the Federal Aviation
Administration (2024) definitions state that, “for both RNP and RNAV designa-
tions, the numerical designation refers to the lateral navigation accuracy in nauti-
cal miles, which is expected to be achieved at least 95 percent of the flight time by
the population of aircraft operating within the airspace, route, or procedure.” In
the present work, RNAV and RNP are used interchangeably to describe navigation
accuracy, although RNP also includes requirements for integrity and continuity,
which are beyond the scope of this discussion.

Functionally, meeting this standard in civil aviation settings translates to
showing that the uncertainty in the lateral or cross-track error, expressed as a
standard deviation, remains below a given threshold. In the civil aviation con-
text, the navigation system uses a filter to estimate an aircraft’s position, using
either signals-in-space (e.g., the Global Positioning System (GPS) (SC-159, 2020a,
2020b)) or a combination of navigation aids (NAVAIDs) (e.g., very high frequency
omnidirectional range and distance measuring equipment) (Federal Aviation
Administration, 2024).

According to “ICAO Doc 9613, Performance-based Navigation (PBN) Manual”
(2023), there are currently no formal specifications for longitudinal error apart from
Navigation System Error (Section 2.2.2) and RNP 4 (Part C). However, Section 1.6
of the manual discusses the potential inclusion of longitudinal accuracy require-
ments in future specifications, and Section 2.3.3.3 notes that monitoring and
alerting systems vary in how they handle these errors: some apply the limit to the
standard deviation of each axis (cross-track and along-track) separately, whereas
others apply the 95 percent limit to the combined (2D) radial error. This distinc-
tion is nuanced, as the error distribution along individual axes can be assumed
to be Gaussian, while radial errors are non-negative and therefore not Gaussian.
However, this distinction generally does not affect GPS-based or NAVAID-based
positioning because the uncertainty introduced by both approaches does not
depend on the direction of travel except in high-latitudes regions (for GPS) and
areas with poor NAVAID coverage.

GPS-based navigation systems explicitly account for this lack of directional sen-
sitivity. For example, GPS Dilution of Precision (DOP) (Langley, 1999) evaluates
vertical accuracy (VDOP) and horizontal accuracy (HDOP) separately, but HDOP
is usually not decomposed into the north-east or longitudinal-lateral components
unless a specific application requires it. For example, Satellite-Based Augmentation
Systems (SBAS) use the major principal axis variance when calculating the hori-
zontal protection level (HPL) for the position solution (SC-159, 2020a). Integrity
monitoring using the Advanced Receiver Autonomous Integrity Monitoring
(ARAIM) algorithm (Blanch et al., 2015) similarly involves calculating the HPL
using the norm of the HPL along the two horizontal axes, an approach that implic-
itly assumes that both axes have the same error distribution.

In contrast, MagNav systems are sensitive to the effect of direction on positioning
accuracy. This becomes evident when considering the spatial variation in magnetic
anomaly values across different regions of the Earth. Figure 4 shows magnetic
anomaly measurements sourced from the North American Magnetic Anomaly
Group (2002) (NAMAM) at altitudes of 1000 m and 4000 m relative to the ellip-
soidal Earth. At higher altitudes, the measurable magnetic anomaly generally has



Latitude (deg)

35.75

35.70

35.65

35.60

35.55

35.50

35.45

237.85

SENGUPTA R
€BION

smaller magnitudes and gradients, leading to lower MagNav positioning accuracy.
However, strong directionality in the magnetic anomaly gradient, regardless of its
absolute magnitude, can occur at any altitude.

This effect is further illustrated in Figures 1 through 3, which show the magnetic
anomaly gradient along three different heading angles with respect to true north:
0, 60, and 120 degrees. In these figures, the gradient at each point is calculated
with respect to the latitude and longitude at that point and then projected onto the
unit vector along the desired heading. Regions with stronger gradients typically
have better MagNav performance (i.e., accuracy). In regions with a low gradient
magnitude, the magnetic anomaly does not change significantly between two mea-
surement updates, so the estimator cannot infer how the current estimate should
be updated. This classic observability problem is encountered in any filtering appli-
cation (Crassidis & Junkins, 2004).

Figures 1 through 3 additionally show how the magnetic anomaly gradient varies
with direction. Given this variation, a natural question is how the magnetic anom-
aly gradient affects positioning accuracy as a function of heading. This effect can
be determined by first characterizing the overall positioning accuracy achievable
from a given map. For example, Tkhorenko and Karshakov (2022) use Cramér-Rao
Lower Bound (CRLB) analysis to evaluate how “upward continuation”of mag-
netic anomaly map data (i.e., stable extrapolation away from the magnetic anom-
aly source; (Phillips, 2005)) affect static position estimates. Similarly, Gupta et al.
(2024) use a Bayesian CRLB framework to address the more general problem of
directional dependency. These methods allow the magnetic anomaly map to be
translated into a CRLB map, as shown in Figure 1 (right), Figure 2 (right), and
Figure 3 (right). The gradient information for these maps comes from the North
American Magnetic Anomaly Group (2002) and is used to calculate the Bayesian
along-track CRLB maps for an aircraft traveling along a straight path at 85 m/s and
1000 m altitude at headings of 0, 60, and 120 degrees, respectively. The gradient
may include errors introduced by compiling different data sources of varying qual-
ity (Saltus et al., 2023), but given that the CRLB is the lower bound on the position
error, any errors in the gradient calculation are second-order effects that can be
captured by the overall measurement uncertainty.
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FIGURE 1 Magnetic anomaly and Cramer-Rao lower bound, heading = 0 deg
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FIGURE 2 Magnetic anomaly and Cramer-Rao lower bound, heading = 60 deg
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FIGURE 3 Magnetic anomaly and Cramer-Rao lower bound, heading = 120 deg

The total measurement uncertainty used to generate these CRLB plots includes
the variance in the magnetometer measurement, error in the map, and calibra-
tion error introduced by electromagnetic interference from the airframe and its
interaction with the core magnetic field. Of these error sources, calibration error
can often dominate if sensors are not installed in areas isolated from electromag-
netic interference. The calibration error can be reduced using either first-order
techniques such as Tolles-Lawson calibration (Gnadt et al., 2022) or more recent
machine learning-based approaches (Gnadt, 2022b; Zhai et al., 2023; Moradi et al.,
2024). For example, Gnadt (2022b) suggests that calibration error can be reduced
to approximately 5 nT with good sensor placement and map quality. The present
study uses a more conservative calibration error of 25 nT based on recent results
from the MagNav challenge data set (Gnadt et al., 2023; Nerrise et al., 2024).
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FIGURE 4 Magnetic anomaly at 1000 m (left) and 4000 m (right)

T T
—— 1-sigma Confidence Bound
e CRLB values /_\
[ ]
]
L ]
L I
-15 -10 -5 0 5 10 15

Easting Error [m]

FIGURE 5 Confidence lower bound at latitude = 35.6°N, longitude = 238.1° (121.9°W)

The CRLB value at a location indicates the best possible navigation perfor-
mance of a recursive filter, assuming of perfectly-known dynamics and a per-
fect inertial measurement unit providing bias-free accelerations. Because this
value is necessarily a function of the gradient in a magnetic anomaly map, the
expected accuracy can vary across different directions of travel. Figure 5 shows
this directional sensitivity by plotting the CRLB along different headings. In this
figure, CRLB values are calculated at each point using the approach presented
in Gupta et al. (2024), and an ellipse is then fit through these points using least
squares. Although it is possible to plot the two-dimensional CRLB covariance
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ellipse, the approach taken here removes any sensitivity to flight direction and
therefore better represents the relationship between the direction of the mag-
netic anomaly gradient and the expected navigation accuracy. In this example,
the ratio of principal axis standard deviations is approximately 0.4. While it may
be valuable to calculate this ratio for every mapped location, such an intensive
calculation is beyond the scope of this paper because it would require evaluating
CRLB over a range of altitudes, groundspeeds, and headings over large maps like
NAMAM (for North America) or the Earth Magnetic Anomaly Grid (EMAG2)
(Maus et al., 2009) (for the entire Earth). Instead, this paper acknowledges that
the positioning error statistics will certainly be mismatched and focuses on the
consequences of this mismatch.

As noted above, the standard deviations in Figure 5 are based on a measurement
uncertainty of 25 nT. Even with larger uncertainty (e.g., 100 nT), the radial asym-
metry shown here would persist because gradient directions are not random. Over
short time intervals, if the gradient direction remains stable, the posterior variance
along that direction would continue to decrease, while the variance orthogonal to
the gradient would remain high.

This observation motivates the present study. Even if navigation accuracy speci-
fications are restricted to lateral errors, MagNav can result in two deviations from
the underlying assumptions:

1. High correlation between the longitudinal and lateral errors can cause the
true radial error to exceed the given error specification, even if the lateral error
meets it.

2. Large differences between the lateral and longitudinal error uncertainties
can cause unintended separation violations in the along-track direction even
when the cross-track specification is met.

This scenario is shown in Figure 6, where the shaded ellipse depicts the confi-
dence bounds on a two-dimensional position error distribution. Error components
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FIGURE 6 General position error uncertainty from magnetic navigation and its effect on
accuracy specifications
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follow a bivariate normal distribution. Even though the lateral accuracy require-
ment limit (dashed lines) contains the 95% cross-track uncertainty bound (dotted
lines), it is still possible to violate a separation constraint with an aircraft that is
slightly ahead and to the right. Conversely, calculating the probability of exceed-
ance for a radial metric instead of a lateral or cross-track metric could inform future
traffic management strategies when using MagNav.

This work accordingly proposes a new performance metric that meets the
PBN accuracy definition and compares this new metric to the current method
of calculating accuracy. The paper is organized as follows. Section 2 pres-
ents the general concept of accuracy as used for current civil aviation oper-
ations. Section 3 then proposes a new metric based on the general quadratic
form (Provost & Mathai, 1992) and demonstrates how this metric can be cal-
culated. Finally, results shown in Section 4 indicate how this new metric can
support tighter performance bounds under the RNP accuracy and containment
region definitions.

2 | BOUNDS ON ACCURACY AND THE PROBABILITY OF
EXCEEDANCE

This section defines horizontal navigation accuracy in terms of the bounds on
radial error when the individual error components are stochastic. To this end, let
x and y denote the in-plane position errors in any coordinate frame (north and
east, or along-track and cross-track). The error components x and y are typically
modeled as jointly normally distributed variables with standard deviations of o,
and o, respectively. For now, assume that these distributions are uncorrelated; the
general problem of correlated distributions will be considered in a later section.
Given these error components, the radial error r is given by r=+/x2+y?. This
paper addresses the following question: what values of o, and ¢, ensure that the
probability that r exceeds a threshold r, is no greater than a specified probability of
exceedance p,?

As noted above, Section 2.3.3.3 of “ICAO Doc 9613, Performance-based
Navigation (PBN) Manual” (2023) proposes two alternative methods for calculat-
ing o, and oy, for a given radial distance threshold. The following two subsections
describe these methods.

2.1 | Radial Error Less than Threshold

The navigation accuracy requirement can be expressed in terms of the proba-
bility density function of r, a distance error threshold r, and the probability of
exceedance p,, as follows:

p(r=+yx*+y*>r,0,,0,)=p, ¢y

In other words, the probability that the radial error r exceeds the threshold r,
should be less than or equal to p,, with equality denoting the bounding case.

Because /x?+y? is non-negative, this condition can equivalently be
written as:

p(yx*+y* <r,0,,0,)=1-p, (2)
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For example, the RNP specification requires that the position error remain
within the threshold for 95% of the flight time, meaning p, = 0.05 when r, = ryyp.

Similarly, the containment region is defined such that the probability of exceed-
ing r, =, is less than 10~ or 1077, depending on the application. This paper uses
the generalized condition expressed in Equation (2) and the RNP specifications for
position error.

Expressed in terms of the cumulative density function, Equation (2) becomes:

CDF(y/x? + y? =1,,0,,0,)=1-p, 3)

where CDF(-) is the cumulative density function of the random variable

Assuming o, = 0, the probability density in Equation (3) corresponds to the
Rayleigh distribution, which is equivalent to the chi-squared distribution with two
degrees of freedom. The probability density function and CDF of the Rayleigh dis-
tribution are given by:

r r2

PDFy eign (1 0) = = exp[—FJ “
r2

CDFRayleigh (r,o)=1- exp[_ 262 J ©)

The general requirement for a threshold radius meeting a probability require-
ment under the assumptions of a Rayleigh distribution is given by:

r2
CDFRayleigh(rt’G):l_exp{_Z;2 ]Zl—pe (6)

which can be solved for o as shown below:

SRS/ <)

\—2logp,

Because the RNP specifications formally require that r < RNP with 95% probabil-
ity, Equation (7) is restated as:

"rnp "rnp
= ~0.408 (8)

ORrNP = =
\/_2 log Pexceedance/RNP \/_2 log 0.05

2.2 | Individual Axis Errors Less than Threshold

For the second calculation method, let z denote the two-dimensional vec-

5 7 i — 2 2 _
tor with components x and y. The radial error is defined as r =/x% +y —||z||2,
where ||||2 denotes the 2-norm of the vector. According to the norm inequality

between the 2-norm and the co-norm, ||z||,>||z[|,,, where [|z]|,=max(|x|,| y].



SENGUPTA .
E€DION

By applying a threshold condition to the individual axes, Equation (2) can be
reformulated as:

p(max(|x|,|y[)<r,0,,0,)=1-p, )
Equation (9) is equivalent to:
p(lx|<r,|y|<h,0,,0,)=1-p, (10)

In turn, Equation (10) allows the use of a zero-mean, uncorrelated bivariate nor-
mal distribution. with a probability density function equal to:

1 x2 y2
PDEg; ariate (X, ¥:0,,0,) = exXp| ——5 = (11)
27r0x0y 207 20'y

From the distribution given in Equation (11), Equation (10) can be calculated as:

x2 y2
p(lx|<n,lyl<r,0,,0,)= f f ) XP(‘ 2 z]dx‘iy
—V27r00' 20 20'y

.
=erf erf !

\fa V2o

y

:1—pe (12)

where erf(-) is the error function (Abramowitz & Stegun, 1972, p. 296).
Assuming o, = 0, Equation (12) can be solved for o:

gt

et (fiop,)

(13)

As before, for a probability of exceedance equal to 0.05, the maximum standard
deviation allowed by RNP specifications is approximately:

.
e ~0.44T (14)

e = Joerf- 1(\/1 0.05 )

A comparison of Equation (14) and Equation (8) shows that applying the RNP
criterion to position accuracy along individual axes allows for an approximately
9% larger standard deviation than applying it to radial accuracy. However, both
approaches yield conservative bounds on the actual probability of exceedance
for the radial error. This conservatism arises because these methods assume that
the standard deviation of the error distribution along both axes are equal. If this
assumption is violated, the larger of the two standard deviations must be used
to maintain validity. As noted earlier, this assumption generally does not hold
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for MagNav. The next section addresses the more general problem of unequal
standard deviations.

3 | NAVIGATION ACCURACY USING QUADRATIC FORMS
ON RANDOM VARIABLES

This section considers the general case of a two-dimensional position error
vector, where x and y have a joint normal distribution. As before, the marginal
distributions have standard deviations of o, and o, respectively. In this more gen-
eral case, the distribution of the two-dimensional position error has a non-zero
correlation coefficient p. The covariance matrix of the position error vector is
denoted by:

2
| ok po,o,
P{poxo o } (15)

y y

Using the spectral decomposition theorem (Provost & Mathai, 1992), this cova-
riance matrix can be written as P = VDV where V is the matrix composed of the
eigenvectors of P, and D is a diagonal matrix containing the corresponding eigen-
values. The matrix V defines a rotation from the original coordinate system in
which x and y are defined to a reference frame aligned with the uncertainty ellip-
soid corresponding to the normal distribution with covariance matrix P.

Let ' = V 71z, such that 7’ is the position error vector expressed in the princi-
pal axis frame. This transformed random vector is also normally distributed, with
covariance given by:

E[Z’Z'T 1= E[V—lzzTV—lT ]
=V-1E[zg VT
=y-lpy-1T (16)
=VlypyTy-1T
=D

Note that ||z’|| = \/Z'Tz' = \/ZTVTVZ = \/E = ||z|| because VT =V 1. Due to this
rotation invariance, the probability density of ||z|| for a distribution with a positive
definite covariance matrix P is equal to the probability density of ||Z/|| for a distri-
bution with the diagonal covariance matrix D. In other words, the variances of the
new distribution are the eigenvalues of P. Without loss of generality, the distribu-
tion of ||z|| can therefore be considered as ||z|| =4/x% +y?, where x and y are uncor-
related normal distributions whose standard deviations can be obtained from the
eigenvalues of P (i.e. the diagonal elements of D). These eigenvalues are denoted
Amax a0d A, Tespectively, and are given by:

c2+02 1
Ay =——— 5 J +Z\/(G§ +02)* —40}cr(1-p?)
(17)
O-)%—’_O-JZ) 1 2 2)2 2.2 2
kmin:T_Z\/(Gx“’y) —4oj0,(1-p?)

Note that Equation (17) assumes that o, >= o,
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In cases where o, # 0}, it may be tempting to approximate the standard devi-
ation as o =,[o? +o; and compare this value to the threshold obtained from
Equation (3). However, this approach would be incorrect because o +0; is the

variance of the distribution of x + y, which can be different from the distribution of

\Jx2 + y%. Most notably, x + y has a domain of (-0, o), while /x? + y? is restricted

to [0, o).

In the general case where o, # o), the distribution of z follows the Hoyt dis-
tribution (Hoyt, 1947), which is also known as the Nakagami-q distribution
(Tavares, 2010). (This should not be confused with the Nakagami-r distribution
(Nakagami, 1960)).

The cumulative density function of the Hoyt distribution can be written as an
infinite sum of incomplete gamma functions of increasing order. Ropokis et al.
(2008) describe an approach for truncating this infinite sum such that the trunca-
tion error is below a predetermined threshold. In other words:

CDF,, (N=3 —% [ = (18)
HY s & r(e+n/2) 2 28

where I'(-) is the Gamma function, y is the lower incomplete Gamma function,
and n = 2 the dimensions of the system.
The scalar Bis defined in Ropokis et al. (2008) as:

2 max; Ki min; 7‘1‘

= . (19)
max; A; + min, 2,
The scalar ¢, is defined as follows:
c,=—>d _.c 20
k 2k,§ k161 (20)

where:

n 1/2
¢, = H(xﬁ] (21)

k
d, :z[l_ﬂ (22)

For the specific case of a two-dimensional distribution, the scalar § can be
expressed as:

252
B 2crxc7y _2,7202

) 2 2 (23)
oy to; 1+n

where 7 = 0,/0, is the ratio of the smaller to the larger standard deviation
(i.e., 0 < < 1). Expressing the two standard deviations as a single standard
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deviation and scale factor more succinctly captures the relative information
available along the two principal axes. When 71 approaches 1, the estimator
provides similar uncertainty bounds along both principal axes, suggesting that
the information content in the map is similar in both directions. In contrast,
when 7 approaches 0, almost all observability is concentrated along the first
principal axis.

Because calculating the inverse of the summation of a series of incomplete
Gamma function is not trivial, Equation (18) is not particularly useful for deriving
the standard deviation bound that meets the radial error threshold. Instead, this
study uses the approximation approach developed by Tavares (2010). This method
approximates the infinite sum using Gauss-Chebyshev quadrature. The number of
terms needed to ensure that the approximation error does not exceed a given bound
can be calculated beforehand. The Tavares approximation for the Hoyt cumulative
density function is given by:

2
(1+q2) @k )rz
exp| -~ 9(q, k, n)—
o Pl E@kmy
q r
CDF, . (r)=1- +E [q,—j (24)
Hoyt n(1+q?)S g(q.k,n) "o

Espinosa (2019) shows that q is equal to the ratio of minimum and maximum
standard deviations, as follows:

min(o_,o )
q=——"—"—-=1 (25)
max(o,, O'y)

The parameter Q is the mean of the quadratic form (Provost & Mathai, 1992):
Q:oﬁ-i-oﬁzoz(l—i-nz) (26)

The function g(q, k, n) is defined by Tavares (2010) as:

— 2 _
g(q,k,n):1+1 T cos nzk 1
1+¢? 2n
(27)

1-n? 2k-1
or, g(n,k,n)=1+ 1" cos| k
1+n? 2n

Finally, E,, is the error associated with truncating the series at n terms, given by:

(o)

E,(q.0)=—— =" (28)

1 2n 1+ 2n
Ei B IS
1-q 1-n
From Equation (25), 1 is known beforehand (typically from the estimator), so
the number of terms n required to meet a given tolerance ¢ can be obtained by

solving Equation (28):
n= Ceil{llog[2 - 1J/log(l+nﬂ (29)
2 & 1-n
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A reasonable choice for the tolerance ¢is some fraction of the exceedance prob-
ability p,. Once n has been determined from Equation (29), the following expres-
sion must be solved to determine the standard deviation o that satisfies a given
containment radius and exceedance probability:

CDFy,, (r,,0,m)=1-p, (30)

This equation can be solved for o using the truncated sum of terms in
Equation (24):

2
(1+7°)
exp —?g(n,k, nw
2y ’ =p 31)
n(1+n2)k:1 g, k,n) ¢

2
i

w=———~
o?(1+n?)

Because Equation (31) is nonlinear in o, it is solved using Newton-Raphson
iteration:

1. Initialize w with the variance calculated from the Rayleigh threshold in

Equation (7):
2 21o
Wt = gL (32)
o2(1+n?) 1+7?
2. Calculate the function f(w) given by Equation (31):
2
1+n? .
exp —(4772)g(77, k, myw
. 27 d
fw)= (33)
n(1+772)kz_1 g(n,k,n)
3. Calculate f'(w), which is the derivative of f{w) with respect to w evaluated
at w:
2
o f(w 1+72%) n 1+7? .
P B G —#g(n, ki (34)
ow |w:17v 2”'77 k=1 477

4. Calculate a correction factor Aw:

_p.—f(w)

Aw = ) (35)

5. Update the measurement: W' =w + Aw
6. If | fwH—f (VT))| > ¢, update w <« w' and repeat Steps (2) through (5). When

|f(17v') - f(ﬁ))| <¢, calculate ofrom Equation (31):
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rt2
=\wam =

This method of computing uncertainty bounds from the Hoyt distribution is gen-
erally stable except for limiting cases when 17 — 1 or n — 0. These two limiting
cases are discussed in the following subsections.

3.1 | Limiting Case:n—1

When 77 = 1, the denominator in Equation (29) becomes indeterminate; however,
the limit still exists and yields n = 1. With n =1 and q = 17 =1, the Gauss-Chebyshev
quadrature form of Equation (24) is identical to the Rayleigh distribution in
Equation (5). Therefore Equation (7) can be used for this specific limiting case.

For a given tolerance & the number of terms n is a decreasing function
of 7 with a minimum value of 1. The calculation of the number of terms in
Gauss-Chebyshev quadrature can be safeguarded by ensuring that n is at least
equal to 1 when 7 is greater than some threshold value 1,,,,. This threshold can
be determined by solving Equation (29) with n=1:

1
1-7 .« 2 &
1
or, M = exp|:llog(z _ 1j:|
1-70x 2 g

exp[;log(z—lﬂ—l /3_1_1
S N = ‘ SA: (37)
1 2

For example, when the required tolerance is €= 10~%, Equation (37) gives a lim-
iting ratio of 7, =0.9999553. If 1 is larger than this value, it is appropriate to use
the Rayleigh distribution without concern for overestimating the bound within the
specified accuracy limits.

3.2 | Limiting Case:n—0

As 7 approaches 0, the number of terms required to calculate the sum in
Equation (24) approaches infinity because the denominator in Equation (29)
approaches zero. In the limiting case where 17 = 0, the two-dimensional distribu-
tion reduces to a one-dimensional distribution where the threshold requirement
is given by CDF(]x| < r)) = 1 — p,. This cumulative density function corresponds to
the one-sided (or half-normal) Gaussian distribution and can be derived from the
cumulative density function of the standard two-sided Gaussian distribution. In
fact, the value of o can be calculated by letting 0, —> in Equation (12), for which
the error function approaches unity. Consequently:

gt

:1—p
V20 ‘

erf (38)
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which can be solved as follows:

r

c=—-—"t (39)
J2erf! (1 -D, )
Let n,, be the maximum number of terms allowed in the quadrature formula.
For a given error tolerance &, the lower bound on 7, denoted by 7,,,;, can be obtained
by solving Equation (29). This value is given by:

1/(2n,,,)
&
Nmin = (40)
(2 ]1/(2%“)
‘. +1
&

Therefore, if 1 < 7y, the one-sided Gaussian solution in Equation (39)
should be used.

4 | RESULTS AND ANALYSIS

Figure 7 compares the one-sided Gaussian (circles), Hoyt (squares), and Rayleigh
distributions (diamonds) by plotting the probability of exceedance (i.e., the sur-
vival function, or one minus the cumulative density) on a logarithmic scale. As
discussed earlier, the one-sided Gaussian is the limiting distribution when the
ratio of standard deviations along the minor and major axes approaches zero.
Conversely, the Rayleigh distribution is the limiting distribution when the ratio of

10—1_

10—3 4

10—5 4

i —8— Hoyt with Quadrature, Tavares, 7 terms (n = 0.80, tol=1e-12)

Probability of Exceedance, 1-CDF(x)

—8— One-Sided Gaussian (n—0)
Rayleigh (n—1)

——- Absolute Error between Quadrature (Tavares, 7) and Series (Ropokis et al, 10)

-
-

Random Variable, x

FIGURE 7 Comparison of probability of exceedance across the one-sided Gaussian, Hoyt,
and Rayleigh distributions
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standard deviations approaches one (i.e. both standard deviations are equal). For
Figure 7, n=0.8. The figure also shows that the Hoyt distribution calculated using
quadratures agrees closely with the version calculated using the truncated sum of
weighted incomplete gamma functions. The difference between the two is on the
order of 10713, as depicted by the dashed line.

Table 1 presents the thresholding standard deviation Climityg, calculated from

the Hoyt distribution for r, = rgyp, corresponding to a probability of exceedance
of 0.05. The implementation outlined in Equations (24) through (36) is used to
calculate this value to an error tolerance of 107'2. Standard deviations shown in
Table 1 are scaled by rgyp to nondimensionalize the result. In the third column of
Table 1, the limiting standard deviation from the Hoyt distribution is divided by
the standard deviation of the Rayleigh distribution, which is equal to 0.408 ryyp
as shown in Equation (8). This ratio demonstrates the potential benefit of using a
Hoyt distribution for radial error characterization in MagNav. For example, if the
standard deviation along the minor axis of the covariance ellipse is an order of
magnitude smaller than the standard deviation along the major axis (i.e., 7= 0.1),
the benefit becomes significant. In general, even when the principal axis standard
deviations differ only moderately (e.g. the ratio of the smaller to the larger standard
deviation is 0.5 or lower), using the radial error distribution instead of a single-axis
error distribution allows for a 20% relaxation in the required standard deviation for
a 95th percentile bound. This added flexibility can support navigation filter designs
by removing the need for precise tuning on each axis and instead requiring tuning
to reduce the radial error only. Conversely, applying a 95% accuracy requirement to
the radial error leads to a stronger guarantee on separation assurance than would
be achieved with single axis-based constraints.

An alternative approach involves using a modified version of Equation (12)
where o, = cand o, = 10:

,
L lerf

o
V20 \/5110

erf 1-p, (41)

This equation can be solved for o via Newton-Raphson iteration, but it
assumes that numerical implementations of the error function and its inverse

TABLE 1
RNP Requirement Relaxation with Hoyt Distribution.

Ratio of Standard Deviations Principal Axis Standard Deviation Increase Factor

1= 0,/0; aiimitﬂoy,/ T'rNp o-limitHoyt/ Olimitgqyieign
0.01 0.510 1.25
0.1 0.510 1.25
0.2 0.508 1.24
0.3 0.504 1.23
0.4 0.499 1.22
0.5 0.491 1.20
0.6 0.480 1.18
0.7 0.466 1.14
0.8 0.448 1.10
0.9 0.429 1.05

0.99 0.411 1.00
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are available. However, Equation (41) applies a constraint on the infinity norm
of the two-dimensional position error, not on the radial error (i.e., 2-norm of
the error). For a two-dimensional random variable z, the region defined by
lIzll, < 1, is always greater than the region defined by ||z||, < r,. Consequently,
p(lzll, < r) = p(zll, £ r), and the probability of exceeding r, follows
p(lzll., > 1) < p(||zll, > r,). This means that enforcing the RNP accuracy condition
on the infinity norm does not provide any meaningful bound on the radial error.

Figure 8 generalizes the results from Table 1 to a range of exceedance probabil-
ities. In this figure, level curves are plotted with the x-axis representing the ratio
of principal major and minor axis stand deviations and the y-axis showing the
log-transformed probability of exceedance. These curves show that, as 77 increases,
the bounding standard deviation from the Hoyt distribution approaches the value
obtained from the Rayleigh distribution, as expected. This convergence means that,
for sufficiently high 7, the penalty incurred by using a Rayleigh approximation is
negligible, making it an acceptable alternative to the Hoyt distribution. The same
holds for sufficiently low probabilities of exceedance. For example, containment
region statistics that require a probability of exceedance of 1077 can still use a
Rayleigh approximation, which only overestimates the limiting o value by 5%.

Finally, Figure 9 shows the number of Newton-Raphson iterations required to
calculate the bounding standard deviation when the required tolerance is 10712,
The required number of iterations is a function of both 77 and the target exceedance
probability, but in all cases, convergence occurs within 12 iterations. This num-
ber is reduced to 8 if the required tolerance is reduced to 1071°, If computational
limitations constrain the number of possible iterations, the gradient calculation
in Equation (34) can be used to obtain a first-order correction to the Rayleigh dis-
tribution. However, this paper does not evaluate the approximation error due to
this limit.

0.2 0.4 0.6 0.8 1.0
Ratio of Standard Deviations, n

FIGURE 8 Ratioof standard deviation limits obtained from Hoyt and Rayleigh distributions
for different probabilities of exceedance

= K =
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FIGURE 9 Required number of Newton-Raphson iterations

5 | CONCLUSIONS

Integrating MagNav into civil aviation operations requires adapting concepts
originally developed for GPS-basd navigation, such as RNP. The definitions of
RNP and related accuracy metrics are rooted in statistical analyses where the prob-
ability of exceedance is derived from the standard deviations of one-dimensional
normal distributions. However, MagNav does not always satisfy the underlying
assumptions used to define these accuracy metrics. To address this problem, this
paper quantified the errors incurred while making these assumptions. The paper
then developed a radial error model, based on the Hoyt distribution, that more
rigorously adheres to the spirit of RNP and similar navigation accuracy defini-
tions. Because the probability density function, cumulative density function,
and inverse functions of the Hoyt distribution are not easily expressed using ele-
mentary functions, the paper also developed robust numerical methods to eval-
uate these functions and make their computation tractable. Given the robust,
explainable, and computationally tractable nature of this approach, the radial
error statistic presented here is well-suited for quantifying navigation accuracy
in civil aviation.
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