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Abstract

Rotation modulation technology in inertial navigation systems (INS) can
effectively suppress the divergence of navigation errors, thereby enhancing
long-endurance navigation accuracy. However, established INS calibration
methods do not fully account for non-orthogonality between the dual rotation
axes, which may couple with other errors and degrade overall navigation per-
formance. To address this issue, this paper develops a mathematical model that
accounts for axis non-orthogonality and analyzes its effects on system behavior.
Based on this model, the paper proposes a calibration scheme that mitigates the
effect of non-orthogonality without the need for special alignment procedures.
Simulation-based and experimental results demonstrate that the proposed
approach effectively reduces attitude and velocity errors under both static and
rotation modulation conditions. The proposed method thus represents a signif-
icant improvement in long-term navigation accuracy compared to traditional
calibration methods.
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1 | INTRODUCTION

Inertial navigation systems (INS) use inertial measurement units (IMU), such
as gyroscopes and accelerometers, to measure a vehicle’s acceleration and angular
velocity (Schultz, 1962). Due to their high degree of autonomy, INSs have been
widely used in aviation, aerospace, marine, and land-based applications. However,
the accuracy of any INS is limited by the accumulation of IMU errors during
the navigation process (Wu et al., 2012). Error calibration and suppression have
therefore become important areas of research to enhance long-term INS accuracy
(Li et al., 2017). For example, dual-axis rotational INSs improve performance by
periodically rotating the IMU, thereby modulating the constant errors along all
three axes (Lei et al., 2016). Because they are cost-effective and highly efficient,
dual-axis rotational INSs are particularly attractive for military applications. As
early as the late 20th century, dual-axis rotation-modulated laser gyroscope INSs,
such as MK49 and WSN-7A, were already being used by the military (Lahham &
Brazell, 1992; Levinson et al., 1994).
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While offline error calibration methods require controlled environments, online
self-calibration methods have gained prominence for their ability to adapt in real
time (Grewal et al., 1991; Lu & Wang, 2010; Quan et al., 2012). In the past 15 years,
several studies have proposed different self-calibration schemes to mitigate naviga-
tion errors. For example, Syed et al. (2007) proposed an 18-step calibration scheme
for inertial systems, enhancing calibration accuracy for low-cost inertial sensors.
Zhou et al. (2008) introduced a self-calibration scheme based on 16-position rota-
tion, and Zhou et al. (2010) presented a traditional ten-position calibration scheme
that used a dual-axis turntable and fully identified the errors in common IMUs.
Zhang et al. (2010) improved these traditional calibration schemes by reducing
the requirements for horizontal misalignment angles, and Huang et al. (2012) esti-
mated the scale factor errors of two gyroscopes and four installation errors related
to the rotation axes. More recently, Fan et al. (2021) investigated the impact of
navigation errors without the need for a reorientation mechanism and proposed a
48-step calibration scheme that achieves higher self-calibration accuracy. Ban et al.
(2020) proposed a fast self-calibration method for temperature-induced errors in a
multi-axis rotational INS.

Previous studies of INS calibration schemes have typically assumed that the INS
rotation axes are orthogonal to each other. However, dual-axis rotation modula-
tion systems often rely on low-precision turntables, leading to significant gimbal
non-orthogonality that can worsen over time due to environmental factors like
vibrations and aging. Because of this non-orthogonality, the IMU attitude derived
from the rotation axis information may not reflect the actual attitude, compromis-
ing the accuracy of the solved carrier attitude. Although the error caused by this
non-orthogonality may be small compared to other errors, the cumulative effects
over time can be significant (Jiang et al., 2017). It is therefore essential to design
a calibration scheme that simultaneously calibrates both IMU errors and the
non-orthogonality of the rotation axis.

In traditional navigation schemes, calculations are performed with respect to
the vehicle body coordinate system. This approach requires that the IMU data
first be transformed into the body coordinate system using gimbal information,
causing gimbal errors to affect both angular and linear velocity projections. These
effects, in turn, provide a basis for calibrating non-orthogonal angle errors at the
system level. Wang et al. (2015) developed a non-orthogonal error model and
then analyzed error observability during rotational maneuvers involving sinusoi-
dal variations in angular velocity. Using an extended Kalman filter, the authors
calibrated all error sources and showed that incorporating non-orthogonal angle
estimation reduced overall estimation errors compared to traditional methods.
However, they also found that non-orthogonal angles exhibited much lower
observability than other error parameters, leading to longer calibration times and
reduced accuracy.

Modern navigation frameworks mitigate gimbal errors (including non-
orthogonality, non-circularity, and time synchronization discrepancies between
the gimbal and IMU) by instead performing navigation calculations directly in the
IMU coordinate system. The final attitude information is then transformed into
the body coordinate system. In this approach, gimbal errors only affect attitude
estimation, thereby simplifying error propagation. Current calibration protocols
based on this approach generally follow a three-step procedure: 1) separate cali-
bration of IMU errors using either system-level or discrete calibration schemes;
2) discrete calibration of the transformation matrix between the IMU and the inner
gimbal coordinate systems; and 3) discrete calibration of the transformation matrix
between the inner and outer gimbal coordinate systems (Jiang et al., 2022).
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This calibration strategy introduces two major challenges. First, the overall frame-
work is complex, requiring significant tradeoffs among accuracy, adaptability, and
implementation difficulty. IMU calibration requires one of: a) high-precision position-
ing mechanisms, which offer the best accuracy but lack self-calibration capacity and
real-time adaptability; b) system-level calibration, which is robust to noise but requires
prior knowledge of the noise and extended calibration times; or ¢) gimbal-driven cal-
ibration, which achieves real-time performance without any prespecified parameters
but is constrained by the gimbal’s inherently lower precision and therefore requires
post-calibration analysis and compensation. Second, the system must account for
a large number of error parameters. In addition to traditional IMU errors, rotation
modulation systems require calibration of the rotational transformation matrices
(i.e., non-orthogonal errors) between the IMU and the gimbal axes. Depending on the
model, this can involve either 6 or up to 18 parameters, significantly increasing the
parameter space and computational burden (Deng et al., 2017).

In this paper, we address the problem of non-orthogonal errors in dual-axis rota-
tional INS. Conventional error models define the IMU coordinate system based on
the sensitive axis of the inertial device, so a transformation matrix must be established
between the gimbal and IMU frames. Under the assumption of self-calibration, we
simplify this traditional error model and reduce the number of parameters requir-
ing calibration. This optimized model is presented in Section 2. Based on this model,
Section 3 analyzes the effect of non-orthogonal errors on self-calibration accuracy.
Section 4 then proposes a multi-position self-calibration scheme and least-squares
adjustment procedure that eliminates the need for alignment with a specific frame.
Simulation results in Section 5 confirm the effectiveness of the proposed calibration
method relative to other common schemes and highlight the limitations imposed by
sensor accuracy. Section 6 presents the results of navigation experiments under both
static and rotation modulation conditions that further demonstrate the efficacy of the
proposed scheme. A conclusion is given in Section 7.

2 | MATHEMATICAL MODEL OF ROTATIONAL INS

2.1 | Coordinate Systems

All analyses in this paper are based on a comprehensive mathematical model
that accounts for the unique structure of a rotational INS. Unlike traditional INSs,
rotating INSs are mounted on gimbals that rotate periodically. This rotation neces-
sitates the establishment of additional coordinate systems for each rotation axis,
increasing the total number of frames compared to traditional systems.

The local navigation frame (n-frame) is an east-north-up orthogonal system
where the x-axis points east, the y-axis points north, and the z-axis points upward.
The body frame (b-frame) is defined relative to the vehicle, with the x-axis pointing
to the vehicle’s right, the y-axis forward, and the z-axis upward.

The sensor frame (s-frame) aligns with the IMU’s sensitive axes. To maintain
orthogonality, the IMU’s z-axis aligns with the inner rotation axis, while the x-axis
is defined as the projection of the outer rotation axis (in its initial position) onto
the plane perpendicular to the inner axis. The y-axis completes the right-handed
coordinate system. The orientation of the s-frame is determined by the turntable
input angles and serves as a reference between the IMU and the body frame for
both calibration and navigation. Finally, the gyroscope frame (g-frame) and accel-
erometer frame (a-frame) are defined by the sensitive axes of the gyroscopes and
accelerometers, respectively. Because the INS rotates around a central vertex, the
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coordinate systems associated with the rotation axes all share a common origin.
However, because certain parameters lack observability and do not affect the final
navigation systems (Deng et al., 2017), redundant coordinate systems are not con-
structed in this paper.

2.2 | Sensor Model

Rotational INS inherits its error propagation model from strapdown INS. The
output of the gyros and accelerometers can therefore be expressed as:

N,

(I+Kg)(I+Eg)a)iSs+g (1)

a

N, =(1+K,)(I+E,)f*+V ()

T T

where N g = [N o Ng N gz} and N, = [Nax N, Naz} denote the digital
T T

outputs per unit time; € = [ax g, gz] and V = [Vx v, VZJ denote the con-

stant biases; and K, :diag[Kgx K, KgJ and K, =diag[[Kax K, K ﬂ

denote the scale factor errors. The subscripts g and a distinguish terms for the gyro-
scopes and accelerometers, respectively, and @ and f* denote the angular rate and
specific force from the gyroscopes and accelerometers, respectively. The installa-
tion error matrices E o and E, are defined as:

0 E,, E,
E,=|E, 0 E, 3)
L & EgZY 0 J
0 E,, E,
Ea = anx 0 anz (4)
| Baze Eay O]

where Eg; and Eg; denote the small misalignment angles between the IMU frame

axis j and the gyroscope sensitivity axis i.

2.3 | Mathematical Model of Rotational INS

For this model of rotational INS, let d6 be the non-orthogonal between the
rotation axes. As shown in Figure 1, the vector of the outer rotation axis in its
initial position can be expressed in the s-frame as x} :[cos(de) 0 —sin(d@)},
and the rotation matrix R$ (Qx) around this non-orthogonal outer axis can be
represented as:

1 dfsin(6,) db(cos(6, )-1)
R (0,)=| —dOsin(0,)  cos(6,) —~sin(6, ) 5
do (cos(@x )-1) sin(6,.) cos(0,,)
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FIGURE 1 Definition of the non-orthogonal angle

FIGURE 2 Definition of the attitude angles between the navigation frame and body frame

The corresponding rotation matrix around the inner axis is given by:

cos(0,) -sin(0,) O
R:(0,)=|sin0,) cos(6,) O (6)
0 0 1

where Ox and 6z in the equations above denote the angles of the outer and inner
rotation axes, respectively, relative to their initial angles.

The transformation matrix from the s-frame to the body frame can be
expressed as:

C? =Ry (Qx )R; (91) )

The vehicle’s attitude angles 0, S0, and y0 represent the rotation of the vehi-
cle frame relative to the navigation frame. To align the outer gimbal axis with the
vehicle’s x-axis, the Euler angle sequence is defined as z-y-x. The corresponding
transformation from the b-frame to the n-frame is illustrated in Figure 2, where
the colors of the rotation angles represent the colors of the respective rotation axes.
Mathematically, this transformation is defined as:

C; =RE(y0)R%(BO)RE (a0) (8)
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where Ré’ (;/0), Rﬁ ( ﬁO), and R? (aO) are the rotation matrices around the x-, y-,
and z-axes of the body frame, respectively.

When the inner and outer frames of the gimbals rotate at angular rates w, and
w,, respectively, the s-frame angular velocity and specific force can be expressed as:

of =C3(Ch (o +op, )+ 02 ) + 0 ©)

fs=csce (a" +(2a)i'; +coe”n>><v" —g") (10)

where o} and o}, are rotation rates of the Earth and the vehicle, respectively,

T T
projected onto the n-frame; a))’g :[a)x 0 0] and cog :[O 0 coZJ ; 8" is the

acceleration due to gravity, and v" is the velocity of the vehicle. When the vehi-
cle is stationary, @}, =0 and v" =0. By substituting Equations (9) and (10) into
Equations (1) and (2), the outputs of the inertial sensors in the stationary state can
be expressed as:

N, =(1+K, )(1+E, )(C} (Chop + ol )+ 03 )+ & (11)
N, =—(I+K,)(I+E,)CiCtg" +V (12)

3 | EFFECTS OF NON-ORTHOGONAL ANGLES ON
SYSTEM ERRORS

3.1 | Effects of Non-orthogonality on Calibration

Calibration is the process of estimating the sensor error parameters by com-
paring IMU outputs or navigation solutions with known reference information.
However, the non-orthogonality between rotation axes can introduce discrepan-
cies between the actual IMU coordinate frame and the intended reference frame,
thereby reducing calibration accuracy.

Standard IMU calibration is typically conducted in controlled laboratory environ-
ments with a specialized reference frame. The two most common calibration meth-
ods are six-position static calibration and the rate test. In the six-position method,
the turntable is placed on a level surface, and each sensor’s sensitive axes are alter-
nately tilted upwards and downwards (Hou, 2004; Titterton & Weston, 2004). The
relationship between IMU outputs and the known input values is then determined
using least squares estimation, which gives the error parameters. However, this
method relies on the Earth’s rotation rate as a reference and therefore requires
highly precise gyroscopes. To address this limitation, studies have introduced cal-
ibration schemes that instead use turntable-based rotation rates to estimate gyro-
scope errors (Syed et al., 2007; Zhang et al., 2010). These rotation schemes involve
rotating the IMU clockwise and counterclockwise around each of its three axes.
The traditional error model for the measurements is defined as:

N, =(1+K, )(1+E, )(o}, +b, )+& (13)
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N, =(1+K,)(I+E,)f*+V (14)

For example, when calibrating the accelerometer, the accelerometer output can
also be represented as:

N, =[(1+K,)(1+E,) V]Pﬂ (15)

Let M, denote the matrix containing all accelerometer error terms:
M, =[(1+K,)(1+E,) V] (16)

In the six-position calibration scheme, the ideal input acceleration matrix is:

g -g 0 0 0 O
0 O -g 0 O
A= & 78 (17)
0O 0 0 0 g -g
1 1 1 1 1 1
The measured outputs from the accelerometers form the matrix U,:
Ua =[Ival Na2 Na3 Na4 NaS Naﬁ] (18)

where N, denotes the accelerometer output in each position i. The error matrix
can then be determined using least squares estimation:

M=U_,AT(AAT)™! (19)

Table 1 lists the ideal gimbal angles for different sensor frame orientations.
However, in dual-axis turntables, the ideal inputs can deviate if the turntable and
horizontal plane are misaligned or the rotation axes are non-orthogonal. For exam-
ple, when the z-axis points downward (i.e., 8, = 180°), and assuming small values
for o0, B0, and d@ (neglecting higher-order errors), Equation (12) for the acceler-
ometer output becomes:

E,,, +cos(0,)(B0+2d0)+sin(6, )a0
N, =V —g(I+Ka) E,, +cos<92)a0—sin(01)(ﬁ0+2d9) (20)
1

TABLE 1:
Gimbal Angles Corresponding to Different s-Frame Attitudes

s-frame orientation Gimbal angles [0, 6]
z upwards [0°, ~]
z downwards [180°, ~]
y upwards [90°, 0°], [270°, 180°]
y downwards [90°, 180°], [270°, 0°]
x upwards [90°, 90°], [270°, 270°]

x downwards [90°, 270°], [270°, 90°]
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This equation shows how the effects of gimbal misalignment and non-
orthogonality are modulated by the gimbal’s inner frame axis angles. By substi-
tuting the six-position calibration scheme into Equations (12) and (19), the cali-
bration result can be expressed as:

) pO+do
:—Zl : al—V——g BO+do (21)
a0
K, =(cos(B0)-dosin(B0))K, (22)
) 0 E,,-d0—p0-d0a0 E,, +do
E, =|E,, +d0 + B0+dbo0 0 E,, +a0 (23)
E,. Ey 0

In Equation (21), N, represents the accelerometer output obtained from each
of the six positions specified in Table 1. Using symmetric positions in each axis
when pointing upwards and downwards can reduce the calibration errors to:

, dOBOE,,,
~ 12
V= Ezileai =V —g| dOBOE,,, (24)
dopo
K, =(cos(B0)-dosin(B0))K, (25)
~ 0 E.y —-dba0 E__
E, =| E,,, +d0a0 0 E,, (26)
Eavc Eazy 0

In Equation (24), N, denotes the accelerometer output derived from two
inner-frame symmetric positions at each of the six locations specified in Table 1.

The equations above demonstrate that non-orthogonality affects the calibration
of installation and bias errors but not scale factors. Using symmetric positions can
help mitigate these effects, though higher-order errors persist.

Calibration of the gyroscope bias follows similar principles:

cos(L) sin(yO)ngz
£=g-d0w,| cos(L)sin(y0)E,, (27)
ﬂOsm(L) cos(L)sm(yO)

Because d6, ), and E, are small, non-orthogonal angles have a negligible effect

on the gyroscope bias. However, scale factor and installation errors can still be
obtained via clockwise and counterclockwise turntable rotation tests, according to:

(I+I~<g)(I+Egi):(Ng+ -Nj")/20 (28)
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where N gf’f and N g‘ represent the gyroscope outputs when rotating clockwise
and counterclockwise around the j axis, respectively. Combining Equation (28)
with Equation (13) for the installation error matrix yields:

_ &y Ege
E,=| E,, 0 Eg, (29)

E,. -d0 E, -do 0

When calibration is performed using the outer rotation axes, non-orthogonality
can cause the actual inputs to deviate from the ideal inputs. In this case, the
non-orthogonal errors of the rotation axes can couple into the gyroscope’s esti-
mated installation errors.

Overall, the analysis in this section shows that installation errors in the
six-position calibration scheme are influenced by both non-orthogonality and lev-
eling (non-horizontal) errors. Introducing additional symmetric positions around
the inner loop can effectively reduce the effect of leveling errors on the accuracy of
installation misalignment estimates. Even so, some residual errors remain uncom-
pensated, and their magnitude is proportional to the degree of non-orthogonality
and leveling error. Moreover, adding symmetric positions does not mitigate the
effects of non-orthogonality and leveling errors on bias and scale factor estimation.
These components therefore require dedicated compensation strategies to improve
overall calibration accuracy in rotational INS systems.

3.2 | Effects of Non-orthogonality on Navigation

The effect of non-orthogonal rotation errors on navigation performance depends
on the coordinate system used for computation and navigation. When navigation
calculations are performed in the body frame, the IMU outputs must first be trans-
formed into the body coordinate system. The transformation equations for angular
velocity are:

ct (a)lss —w;)—a)s (30)

b
@y %

1)

CP (a)lss —a);)—a)s (31)

X

=

The resulting error introduced by the gimbal’s non-orthogonality into the body
frame’s angular velocity output is:

Swb =@k —wb =5CP (wiss —wg): 5CPos, (32)

where SCP=CP -CP represents the rotation error matrix caused by non-
orthogonality of the gimbal axes. The corresponding non-orthogonal error in the
accelerometer outputs (represented in the body frame) is:

fr=ft-fr=schfe (33)

These expressions indicate that IMU output errors in the body frame are func-
tions of both the gimbal-induced transformation errors and body-frame inertial
inputs. In particular, higher rotation rates amplify the effect of non-orthogonal
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errors. Note that these derivations assume that the IMU and gimbal coordinate
systems are perfectly aligned; any misalignment would cause the non-orthogonal
errors to introduce more complex and pronounced effects (Deng et al., 2017).

To mitigate gimbal-induced navigation errors, modern navigation frameworks
compute state estimates directly in the IMU coordinate system and then trans-
form the estimated attitude into the body frame. In this approach, gimbal
non-orthogonality only affects attitude estimates. The transformation from the
IMU frame to the navigation frame is given by:

CN'l': :C;lég :C?Rz (ez)Rx (ex) (34)

The corresponding attitude error matrix becomes:

1 —do sin(@x ) 2d0sin? (9—"}:05(9Z )
o > (35)
sCp=CdCp=CiC; = ddsin(6, ) 1
i 0
2d0sin? [?"]cos(ez) 0 1

The estimated attitude error vector can then be derived from this
transformation matrix:

T
Cc2(3,2) .
att = {arctan(mJ asin (—C}Z (3,1)) arctan(C2(2,1)/C? (1,1)} (36)

The attitude error introduced by the non-orthogonal angle is therefore:
P T
datt = {O —2d0sin? [;"jcos(@z ) do sin(@x ):I (37)

To evaluate the practical effect of gimbal non-orthogonality, we rotated a gim-
bal mechanism following a standard 16-sequence rotation scheme (Yuan et al.,
2012). For this analysis, we neglected the IMU’s inherent systematic errors to iso-
late the effects of the gimbal. For a non-orthogonal angle error of 20 arcseconds,
the induced attitude errors are illustrated in Figure 3. The results demonstrate
that gimbal-induced attitude errors depend solely on angular displacement, with

200

1100

attitude (')
platform angle (°)

1-100

t(s)

FIGURE 3 Effect of gimbal non-orthogonality on carrier attitude errors
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the maximum error magnitude approximately equal to the non-orthogonal angle.
Furthermore, the carrier’s attitude errors are periodic, corresponding to the gim-
bal’s periodic rotation. Performing navigation directly in the IMU coordinate system
thus limits the propagation of non-orthogonal errors into velocity and acceleration
estimates, effectively confining their influence to attitude determination.

4 | MULTI-POSITION CALIBRATION METHOD

Our proposed calibration procedure to account for non-orthogonality con-
sists of three key steps. First, the outputs of each axis (in multiple positions) are
used to calibrate the accelerometer error parameters, gyroscope biases, and the
non-orthogonal angles between rotation axes. Second, the left gyroscope error
parameters are calibrated using turntable rotations. Third, the measured parame-
ters are used to adjust the IMU outputs via reverse error correction.

In the case of an unknown initial attitude, initial calibration is performed
with 12 different sensor orientations, shown in Figure 4. Each of the three IMU
axes is placed in two symmetric positions, one pointing upward and one point-
ing downward relative to the inner gimbal axes. All positions follow the inner
frame symmetry.

Because the body frame’s attitude cannot be determined, it cannot be assumed
to be negligible. However, «0 is the initial angle between the outer gimbal axis
and the vehicle body’s x-axis, and the outer axis angle can be manually adjusted to
keep o0 within a small range. A rough estimate of ¢0 can therefore be obtained by
rotating the outer axis by 90° and using:

N_(6x=90°,0z=0 i
Z( X 4 )_gcos(ﬁO)sm(oxO)+VZ (38)

tan(aO)z NZ(QXZO,QZZO) _gcos(ﬁo)cos(a0)+vz

M 0 ) )

FIGURE 4 Multi-position calibration scheme
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The accuracy of this estimate depends on the accelerometer bias and is lowest
when a0 — 0. Assuming o0 = 0 and an accelerometer bias on the order of 1 mg,
the estimate for &0 from Equation (38) is 0.057°. In contrast, S0 represents the
angle between the outer gimbal axis and the horizontal plane. Because the outer
gimbal is fixed to the carrier, S0 cannot be manually adjusted. In this setup, 0, d6,
and E,; can therefore be considered small quantities, while 50 cannot.

The initial solution for the systematic error obtained through the least squares
estimation method follows Equations (24)-(29) in Section 3.1. The compen-
sated output of the accelerometers using the rough measured error parameters is
as follows:

B 1+dO tan(ﬂO)

cos(ﬂo) I’ +((I+Ka )(I+Ea ))_1V (39)

After this rough calibration, the accelerometer outputs are proportional to the
true s-frame inputs, except for bias errors. However, due to inner gimbal mis-
alignment, the x- and y-axis outputs vary as the inner gimbal rotates. As shown in
Equation (20), this effect on f* is maximized in symmetric positions.

Let L denote the difference between roughly calibrated accelerometer outputs
under symmetric inner frame rotations. The expression for L is as follows:

L - -
LZI:LX:|:|:IZ><2 O]((I+Ka)(I+Ea)) 1(Na(9x,9Z)—Na(0x,9Z+ﬂ)) (40)
With the attitudes used for the calibration above, we obtain:

IT = XA (41)

In Equation (41), A is a function of the gimbal angles 6x and 6z:

B —2COS(9Z) Zsin(QZ)cos(Ox) (1—cos(9x))cos(9z)T
A= zsin(ez) 2COS(QZ)COS(QX) (1—COS(QX))SH‘1(92) (42)

X represents the parameters to be measured:
X =[tan(Bo) a0 do] (43)
The least-squares solution for the components of matrix X is therefore:
-1
X =LTAT(AAT) (44)
After o0, f0, and d6 have been estimated, they can be substituted into

Equations (21)-(26) to obtain refined estimates of the accelerometer scale factors,
installation errors, and bias errors, thus completing the calibration.

5 | SIMULATION RESULTS AND ANALYSIS

We conducted a series of simulations to validate the effectiveness of the proposed
calibration scheme. The attitude of the carrier was set at [0.1° 0.1° 20°], and the
initial location was set at 120.664265°E, 30.686651°N. The true values of all error
parameters are shown in Table 2. The random walk of accelerometer velocity was
set at 20ug/\ Hz, and the angular random walk of the gyroscope was 0.02°/ .
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The simulation framework comprises the following steps:

1. Initialization: The initial attitude of the carrier is used to derive the static
angular velocity and acceleration components in the turntable coordinate
system.

2. Rotational sequence design: A rotation sequence is then designed. The
turntable angles and rotational velocities are substituted into Equations (11)
and (12) to compute the angular velocity and acceleration of the inner frame.

3. Error propagation: The IMU error parameters are then used to calculate the
actual IMU outputs.

To assess the proposed scheme’s ability to estimate non-orthogonal angle errors,
the value of the non-orthogonal angle was gradually increased from 1" to 40".
For each value, 200 Monte Carlo simulation experiments were conducted, and
calibration accuracy was assessed using the relative standard deviation (RSD).
Simulation results are shown in Figure 5. Notably, due to the limitations of device
precision, the RSD falls below 10% once the non-orthogonal angle exceeds 7".

To further validate the proposed calibration method, we simulated and com-
pared three different calibration schemes:

Scheme 1: The proposed method, which calibrates IMU errors and non-
orthogonality errors of the rotary table.

Scheme 2: Traditional six-position calibration, which calibrates IMU errors but
does not account for rotary table non-orthogonality.

Scheme 3: System-level calibration for IMU errors, which involves a discrete cal-
ibration approach for the rotation matrices between (i) the IMU and the inner axes
of the rotary table and (ii) the inner and outer axes of the rotary table.

To comprehensively evaluate each scheme’s calibration performance, 200 Monte
Carlo simulations were conducted for Schemes 1 and 2. Calibration accuracy was
measured as the bias between the ideal value and the mean calibration result across
all simulations, while the calibration uncertainty was quantified as the correspond-
ing the standard deviation. For Scheme 3, the bias between the ideal value and a
single two-hour calibration result was used as the performance metric. This was
done because system-level calibration requires longer computational time, but the
higher noise resistance results in high repeatability. To ensure errors were compa-
rable among schemes, the installation errors obtained from Scheme 3 (which were
initially referenced to the IMU coordinate system) were transformed into the rotary
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FIGURE 5 Relative standard deviation error of the non-orthogonal angle estimated via
simulation
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FIGURE 6 Estimation of gyroscope errors around (a) zero bias, (b) scale factor, and
(c) installation errors calculated via Kalman filtering

table coordinate system using known rotation matrices between the IMU and the
inner/outer axes of the rotary table.

Figure 6 shows the convergence of the estimated gyroscope error parameters
over the Kalman filtering process. The zero bias and scale factor converge rapidly,
while the installation misalignhment converges more slowly and with less stability.
The true and calibrated errors for zero bias and scale factor are summarized in
Table 2, whereas those for installation misalignment and non-orthogonality angle
are provided in Table 3.

As shown in Tables 2 and 3, the proposed scheme (Scheme 1) achieves higher
estimation accuracy for the z-axis accelerometer zero bias than the other two
schemes. The traditional discrete calibration scheme (Scheme 2) exhibits lower

TABLE 2
Estimation Errors of Zero Bias and Scale Factor for Different Calibration Schemes

Real Estimation errors Estit'nation
Parameters values uncertainty (k=2)
Schemel Scheme2 Scheme3 Schemel Scheme 2

v, (ug) 50 0.020 0.033 -4.835 0.184 0.355
Vy (ug) 50 —-0.427 -0.510 -8.939 0.180 0.379
v, (ug) 50 0.008 8.458 11.501 0.175 0.236
K, (ppm) 50 -1.425 -3.358 0.410 1.7365 1.7366
Kay (ppm) 50 0.013 -3.202 0.863 1.8533 1.8533
K., (ppm) 50 0.091 -3.125 -0.804 1.1559 1.1561
e, (°/h) 0.03 0.0003 0.0017 -0.0044 0.0103 0.0131
€y (°/h) 0.03 -0.0014 —0.0023 —-0.0008 0.0102 0.0136
€, (%/h) 0.03 -0.0004 0.0016 0.0020 0.0097 0.0133
Kgx (ppm) 50 -0.016 -0.198 -0.384 0.2889 0.4065
Kgy (ppm) 50 -0.127 -0.177 1.757 0.2857 0.4056

e (ppm) 50 0.081 0.081 0.746 0.4086 0.4086
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TABLE 3
Estimation Errors of Installation Misalignment and Non-Orthogonality Angles for Different
Calibration Schemes

Real Estimation errors EstiI.nation
Parameters values uncertainty (k=2)
Scheme1l Scheme2 Scheme3 Scheme1l Scheme 2
Euy (") 300 -0.0293  -0.0641  -1.1014 0.3943 0.9463
E, (") 300 0.0130 0.0131 0.0327 0.3883 0.9318
Eq () 300 0.0004 0.0353 0.6710 0.3738 0.8972
Eg (") 300 -0.0184 -0.186 -0.0052 0.4065 0.9755
Egpe () 300 0.0455 0.460 -25.8844 0.2326 0.9302
Euy (") 300 -0.0319  -0.0322  25.8293 0.2320 0.9281
Epyy (1) 300 0.0084 0.0133 -0.9722 0.1182 0.1700
Epe () 300 0.0720 0.0742 0.8773 0.1113 0.1585
Eg () 300 -0.0304  -0.1003 0.2937 0.1207 0.1757
Eg, () 300 -0.0244  -0.0245 0.4534 0.1244 0.1782
Epe (1) 300 -0.0110  -20.0081 -25.8441 0.1618 0.1618
Egy, () 300 -0.0025  -20.0380  25.8748 0.1743 0.1743
de(") 20 0.0960 — — 0.4515 —

calibration precision for the accelerometer scale factor, primarily due to its fail-
ure to compensate for rotary table non-leveling errors. While these non-leveling
and non-orthogonality errors also affect the precision of installation misalign-
ment errors, the proposed scheme still outperforms the system-level calibration
approach (Scheme 3). The lower performance of Scheme 3 is due to the complex
nature of error propagation inherent in system calibration, which results in lower
observability of installation errors.

In summary, the traditional discrete calibration scheme (Scheme 2) suf-
fers significant accuracy loss even when the turntable’s leveling error and axis
non-orthogonality are relatively small. Leveling errors can be suppressed by intro-
ducing additional inner-loop symmetric positions, but residual errors require
further compensation. System-level calibration (Scheme 3) performs well for accel-
erometer scale factors but not for installation errors, largely because this approach
relies on velocity and position errors as observables. Although system-level cali-
bration is also more tolerant to measurement noise, its effectiveness depends on
correct noise parameters, and it does not yield a substantial improvement in scale
factor accuracy. In contrast, the discrete calibration scheme proposed here (Scheme
1) improves overall calibration precision and reduces measurement uncertainty
by explicitly calibrating non-orthogonal angle errors and compensating for other
error sources. The proposed approach also avoids the need to empirically esti-
mate device noise parameters, thus enhancing its practical robustness and ease
of implementation.

6 | EXPERIMENTAL RESULTS AND ANALYSIS

Zheng et al. (2023) conducted a detailed analysis of how sensor errors with vary-
ing precision affect navigation accuracy. They identified gyroscope zero bias and
installation as the primary contributors to heading angle errors, while accelerom-
eter zero bias and installation errors were the main sources of velocity errors. The
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effects of installation and scale factor errors were state-dependent, with systematic
errors scaling proportionally with the intensity of the motion.

To empirically demonstrate the effectiveness of the proposed calibration scheme,
different calibration approaches were experimentally tested by fixing a fiber-optic
INS to a small-scale dual-axis reorientation mechanism. The system structure is
shown in Figure 7. Because the proposed self-calibration method does not require
the carrier’s attitude information, the turntable was not leveled or aligned with the
north direction.

Prior to the experiment, the performance of the IMU and the angular stability
of the rotary table were assessed using Allan variance analysis. The results of this
analysis are shown in Figure 8 for the gyroscope, accelerometer, and the inner/
outer axes of the rotary table. The 10-second average standard deviation of the
gyroscope and accelerometer are approximately 0.08°/h and 4 ug, respectively. For
the rotary table, the standard deviation declined from 0.0028 arcseconds over 10
seconds to 0.0004 arcseconds over 100 seconds, demonstrating excellent long-term
angular position stability. Overall, these results confirm that the vibrations of the
rotary table have negligible effects on the 100-second averages of the gyroscope and
accelerometer outputs.

Each calibration attitude was maintained for 100 seconds, with a gimbal rotation
speed of 4°/s. As with the simulation results, the calibration parameters exhibited
only minor variation, so only representative parameters are listed in Table 4.

After calibration, we assessed the practical effectiveness of our proposed scheme
by conducting a six-hour navigation test under rotation modulation conditions. Of
the potential rotation schemes, we chose a 16-sequence rotation that is widely used
in practical applications (Ji et al., 2013; Yuan et al., 2012; Zhou et al., 2008). The
INS was then subjected to periodic rotations following the procedure described by
Yuan et al. (2012). Compared to compact modulated INS systems, our experimental

power dual-axis console of
source turntable turntable

FIGURE 7 Experimental setup with a static base
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FIGURE 8 Allan variance analysis about the (a) gyroscope, (b) accelerometer, and (c) rotary
table

TABLE 4
Results from the Calibration Experiment
Parameters V. (mg) Eup() Egy() Egz.() Eg,() de(”)
Schemel -0.7535 -29.0608  26.2086 7.2557 6.5520 18.2588
Scheme 2  -0.7534  -29.0610  26.2089 7.4587 6.8216 —
Scheme 3  -0.7534  -29.0609  26.2086 7.0539 6.7921 —

Estimation
errors

setup exhibited significantly larger internal lever arm and time synchronization
errors. These errors were therefore calibrated and compensated prior to the naviga-
tion test. The results from the six-hour navigation test are shown in Figures 9-11.
As shown in the figures, the proposed scheme (Scheme 1) demonstrates higher
navigation accuracy than the traditional approach (Scheme 2).

The navigation results presented in Figures 9-11 further demonstrate that the
proposed calibration scheme significantly enhances navigation accuracy under
dynamic conditions like rotation modulation. Consistent with the simulation
results, the attitude errors exhibit periodic oscillations corresponding to the rota-
tion cycle. These oscillations arise because the alternative calibration schemes
(Schemes 2 and 3) do not compensate for non-orthogonality errors, highlighting
the importance of correcting for these errors.

Titterton and Weston (2004) evaluated how equivalent bias errors from gyro-
scopes and accelerometers during static-base inertial navigation propagate in a
manner that induces these periodic oscillations. These oscillations include the

Schuler period T, = fo—” =84.4 min, the Earth’s rotation period T, = i—” =24h, and
the Foucault period T, = - zs’fn —- The Schuler oscillations are caused by attitude mis-

alignment between the true and computed geographic frames. The two horizontal
components of the attitude error, combined with gravity, form a second-order nega-
tive feedback loop. This feedback loop produces stable oscillations that are immune
to dynamic accelerations due to Schuler tuning. The Earth rotation-induced
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oscillations result from coupling between tri-axial attitude errors and latitude esti-
mation errors, which introduce components of Earth’s rotation into the inertial
solution. Specifically, errors in the north- and zenith-pointing gyroscopes induce
oscillations in the heading angle errors, constant biases in the east velocity, and lat-
itude errors. In contrast, errors in the east-pointing gyroscope introduce a constant
heading bias, while gyroscope bias in the north direction leads to oscillations in the
north velocity errors. The Foucault oscillations stem from incomplete compensa-
tion of parasitic accelerations.

The amplitude of the oscillatory navigation errors thus serves as a critical
indicator of calibration quality, and Table 5 accordingly shows these amplitudes
for the three tested calibration schemes. As shown in the table, the calibration
scheme proposed here (Scheme 1) offers the most stable attitude estimation.
Over the six-hour test, the roll, pitch, and yaw errors under Scheme 1 remain low
and increase only gradually with time, indicating that these scheme effectively
compensates for gyroscope bias. The velocity and position errors correspond-
ingly exhibit minimal periodic oscillation. Most notably, the north position error
remains below 1 km throughout the experiment, which reflects not only adequate
compensation for accelerometer bias but also effective suppression of the Schuler
resonance amplification.

In contrast, Schemes 2 and 3 exhibit more pronounced oscillations during the
six-hour navigation test. Over time, both velocity and position errors begin to show
increasingly periodic fluctuations with growing amplitudes. Of the two schemes,
Scheme 3 exhibits smaller velocity oscillations than Scheme 2, suggesting that it

TABLE 5

Navigation Results under Rotation Modulation

Navigation time (h) 1 2 3 4 5 6

roll error (') 0.098 0.094 0.185 0.175 0.160 0.234

pitch error (') 0.069 0.184 0.266 0.193 0.224 0.320

RMSE of yaw error (') 0.073 0.257 0.188 0.120 0.213 0.377
Calibration East velocity error (m/s) 0.146 0.251 0.410 0.407 0.474 0.159
Scheme 1 North velocity error (m/s) 0.182 0.113 0.424 0.443 0.502 0.494
East position error (m) 0.073 0.589 0.342 0.292 0.600 1.020

North position error (m) 0.357 0.469 0.519 0.298 0.634 0.403

roll error (') 0.106 0.127 0.209 0.259 0.356 0.397

pitch error (') 0.322 0.452 0.580 0.678 0.471 0.786

RMSE of yaw error (') 0.301 0.348 0.325 0.420 0.806 0.658
Calibration East velocity error (m/s) 0.364 0.467 0.751 0.912 1.347 1.277
Scheme 2 North velocity error (m/s) 0.237 0162 0.723 0.465 0.781 1.117
East position error (km) 0.408 0.583 0.752 1.205 0.728 1.383

North position error (km) 0.368 0.238 0.639 0.905 1.710 1.175

roll error (') 0.137 0.158 0.149 0.308 0.419 0.324

pitch error (') 0.687 0.762 0.895 0.766 0.857 0.840

RMSE of yaw error (') 0.281 0.372 0.363 0.454 0.860 1.435
Calibration East velocity error (m/s) 0.202 0.424 0.567 0.429 0.747 0.590
Scheme 3 North velocity error (m/s) 0.329 0335 0497 0.672 0.807 1.023
East position error (km) 0.388 0.353 0.984 1.032 0.718 1.703

North position error (km) 0.225 1.138 2.170 2.581 2.554 3.201
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more effectively compensates for the equivalent accelerometer bias. However, both
schemes fall short of the performance achieved by Scheme 1.

7 | CONCLUSION

This paper presents an error model that explicitly accounts for rotary table
non-orthogonality and uses this model to investigate the effects non-orthogonality
on calibration and navigation accuracy in dual-axis rotation modulation systems.
Our analysis reveals that non-orthogonality errors, when left uncorrected in dis-
crete calibration schemes, degrade calibration accuracy, especially for the esti-
mation of installation misalighment and accelerometer zero bias. To address this
problem, we propose a method that simultaneously calibrates IMU errors and
rotary table non-orthogonality errors, thereby compensating for the IMU error cal-
ibration results.

The influence of IMU performance on the accuracy of the proposed non-
orthogonal angle calibration scheme is then investigated and compared against
traditional discrete and system-level calibration schemes. Simulations and experi-
mental results demonstrate that the proposed scheme achieves higher calibration
accuracy, especially for installation misalignment and accelerometer zero bias.
Moreover, the proposed scheme significantly reduces attitude oscillations caused by
rotary table rotation and enhances the long-term navigation accuracy of dual-axis
rotation-modulated systems. The proposed scheme also offers better computational
efficiency and stability than system-level calibration approaches because it does not
require pre-estimation of IMU performance or prolonged filtering.

However, our proposed calibration scheme involves averaging mean IMU out-
puts across all positions, which requires that the IMU parameters remain relatively
stable during data acquisition. As a result, the proposed calibration scheme is
susceptible to temperature drift and requires short acquisition times. It is there-
fore not suitable for high-noise, low-stability INS systems, such as those based on
MEMS technology. For such applications, alternative calibration strategies would
be required.
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